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❛s t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧æ✿
p(0, a)
∀x, y ¬p(x, y) ∨ p(x+ 1, f(y))
∃n∀x¬p(n, x)
❚❤❡ ❢♦r♠✉❧❛ φ ✐s s❛t✐s✜❛❜❧❡ ✐♥ t❤❡ ✉s✉❛❧ s❡♥s❡✱ ❜✉t ✐t ✐s ✉♥s❛t✐s✜❛❜❧❡ ✐❢ t❤❡ s♦rt ♦❢
t❤❡ ✜rst ❛r❣✉♠❡♥t ♦❢ p ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs ✭✇✐t❤ t❤❡ ✉s✉❛❧ ✐♥✲
t❡r♣r❡t❛t✐♦♥ ♦❢ 0, 1 ❛♥❞ +✮✳ ❚❤❡♥ t❤❡ ❡①✐st❡♥t✐❛❧ ✈❛r✐❛❜❧❡ n♠✉st ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s
❛ ♥❛t✉r❛❧ ♥✉♠❜❡r k✱ ❛♥❞ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦✱ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✱ t❤❛t t❤❡ ✜rst t✇♦
❢♦r♠✉❧æ ❡♥t❛✐❧ t❤❛t p(k, fk(a)) ❤♦❧❞s✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❢♦r♠✉❧❛ ✐s ✉♥s❛t✐s✜✲
❛❜❧❡✳ ❊①✐st✐♥❣ r❡s♦❧✉t✐♦♥ ♦r s✉♣❡r♣♦s✐t✐♦♥ ❜❛s❡❞ t❤❡♦r❡♠ ♣r♦✈❡rs ❝❛♥♥♦t ❡st❛❜❧✐s❤
t❤❡ ✉♥s❛t✐s✜❛❜✐❧✐t② ♦❢ s✉❝❤ ❢♦r♠✉❧æ s✐♥❝❡ t❤❡② ❛r❡ ❜❛s❡❞ ♦♥ st❛♥❞❛r❞ ✜rst✲♦r❞❡r
❧♦❣✐❝✳ Pr♦♦❢ ♣r♦❝❡❞✉r❡s ✭❜❛s❡❞ ♦♥ s❡✈❡r❛❧ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s✮ ❤❛✈❡ ❜❡❡♥ ♣r♦✲
♣♦s❡❞ t♦ ❤❛♥❞❧❡ ❤②❜r✐❞ ❢♦r♠✉❧æ✱ ♠✐①✐♥❣ ✜rst✲♦r❞❡r ❧♦❣✐❝ ✇✐t❤ ✐♥t❡r♣r❡t❡❞ t❤❡♦r✐❡s
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r❡♠s✳ ❲❤❡♥ ❢❡❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❢♦r♠✉❧❛✱ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ✇✐❧❧ ✐♥❢❡r t❤❡ ✐♥✜♥✐t❡
s❡t ♦❢ ❢♦r♠✉❧æ n 6≃ 0✱ n 6≃ 1✱ n 6≃ 2✱ ✳ ✳ ✳ ✭✇❤❡r❡ n ❞❡♥♦t❡s t❤❡ ❙❦♦❧❡♠ ❝♦♥st❛♥t
⋆ ❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ♣❛rt❧② ❢✉♥❞❡❞ ❜② t❤❡ ♣r♦❥❡❝t ❆❙❆P ♦❢ t❤❡ ❋r❡♥❝❤ ❆❣❡♥❝❡ ◆❛✲
t✐♦♥❛❧❡ ❞❡ ❧❛ ❘❡❝❤❡r❝❤❡ ✭❆◆❘✲✵✾✲❇▲❆◆✲✵✹✵✼✲✵✶✮✳
❞❡r✐✈❡❞ ❢r♦♠ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥ ∃n✮✱ ❜✉t ✇✐❧❧ ♥♦t ❞❡t❡❝t ✉♥s❛t✐s✜❛❜✐❧✐t② ✐♥ ✜♥✐t❡
t✐♠❡ ✭s✐♥❝❡ Pr❡s❜✉r❣❡r ❛r✐t❤♠❡t✐❝ ✐s ♥♦t ❝♦♠♣❛❝t✮✳ ❚❤❡ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤ ❢♦r
❞❡❛❧✐♥❣ ✇✐t❤ ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✜rst✲♦r❞❡r t❤❡♦r❡♠ ♣r♦✈✐♥❣ ✐s
t♦ ❛❞❞ ❡①♣❧✐❝✐t ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ♦♥❡ ❝❛♥
r❡♣❧❛❝❡ t❤❡ ❢♦r♠✉❧❛ ∃n∀x¬p(n, x) ❜② ∃n∀x¬p(n, x)∧∀mm+1 6≃ n∨∃x p(m,x)
✭st❛t✐♥❣ t❤❛t ∀x¬p(m,x) ❤♦❧❞s ❢♦r m = n ❜✉t ♥♦t ❢♦r t❤❡ ♣r❡❞❡❝❡ss♦r ♦❢ n✮
✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② ❞❡r✐✈❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t n ✐s t❤❡ ♠✐♥✐♠❛❧ ♥❛t✉r❛❧ ♥✉♠❜❡r
s❛t✐s❢②✐♥❣ t❤❡ ♣r♦♣❡rt② ∀x¬p(n, x)✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ♦♥❡ ❝❛♥ ❛❧s♦ ❛❞❞ t❤❡ ✉s✉❛❧
✐♥❞✉❝t✐♦♥ s❝❤❡♠❡ ✉s✐♥❣ ∃x p(m,x) ❛s ❛♥ ✐♥❞✉❝t✐✈❡ ✐♥✈❛r✐❛♥t✿
(∃x p(0, x) ∧ ∀m((∃x p(m,x))⇒ (∃x p(m+ 1, x))))⇒ ∀m∃x p(m,x)
❯s✐♥❣ t❤❡s❡ ❛❞❞✐t✐♦♥❛❧ ❛①✐♦♠s✱ t❤❡ ✉♥s❛t✐s✜❛❜✐❧✐t② ♦❢ φ ❝❛♥ ❡❛s✐❧② ❜❡ ❡st❛❜❧✐s❤❡❞
❜② ❛♥② t❤❡♦r❡♠ ♣r♦✈❡r✳ ❚❤❡ ✐♥❞✉❝t✐✈❡ r✉❧❡ ❞❡✜♥❡❞ ✐♥ ❬✶✺❪ ❛❧s♦ r❡❧✐❡s ♦♥ t❤❡ ✉s❡
♦❢ ❡①♣❧✐❝✐t ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡s✳
❍♦✇❡✈❡r✱ t❤✐s ❛♣♣r♦❛❝❤ r❡❧✐❡s ♦♥ t❤❡ ✉s❡r t♦ ❣✉❡ss t❤❡ r✐❣❤t ✐♥❞✉❝t✐✈❡ ❧❡♠♠❛✳
❚❤❡ ✐♥❞✉❝t✐✈❡ ✐♥✈❛r✐❛♥t ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❣♦❛❧✱ ❛♥❞ ✐s ♥♦t ❡✈❡♥
❜♦✉♥❞ t♦ ♦❝❝✉r ✐♥ t❤❡ ✐♥✐t✐❛❧ ❢♦r♠✉❧❛ ✭✐t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ✐♥❞✉❝t✐✈❡ ♣r♦♦❢s
❞♦ ♥♦t ❛❞♠✐t ❝✉t ❡❧✐♠✐♥❛t✐♦♥✮✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ t❤❡ t❤✐r❞ ❢♦r♠✉❧❛ ✐s r❡♣❧❛❝❡❞
❜②✿ ∃n∀x¬q(n, x) ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛①✐♦♠✿ ∀x, y q(x, y) ∨ ¬p(x, y)✱ t❤❡♥ t❤❡
❢♦r♠✉❧❛ ❝❛♥♥♦t ❜❡ ❡st❛❜❧✐s❤❡❞ ❜② ✉s✐♥❣ t❤❡ ♥❡❣❛t✐♦♥ ♦❢ t❤❡ ❣♦❛❧ ∃x q(n, x) ❛s ❛♥
✐♥❞✉❝t✐✈❡ ✐♥✈❛r✐❛♥t✿ ♦♥❡ ❤❛s t♦ ✉s❡ ∃x p(n, x) ✐♥st❡❛❞✳
❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥ ✉s✐♥❣ ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠ ♣r♦✈❡rs✱ ✇❤✐❝❤ ❛r❡
✉s✉❛❧❧② ❜❛s❡❞ ♦♥ r❡✇r✐t✐♥❣ ❬✼✱ ✶✸✱ ✶✹✱ ✷✵✱ ✶✶❪✳ ❚❤❡s❡ ❛♣♣r♦❛❝❤❡s ❛❧❧♦✇ ♦♥❡ t♦ ❣❡♥✲
❡r❛t❡ ❛✉t♦♠❛t✐❝❛❧❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❧❡♠♠❛t❛ ✭✐♥ s♦♠❡ ❝❛s❡s✮✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡s❡
♣r♦❝❡❞✉r❡s ✇♦r❦ ❛s ❢♦❧❧♦✇s✿ t❤❡ ❣♦❛❧ ✐s r❡✇r✐tt❡♥ ✉s✐♥❣ ❛①✐♦♠s ✉♥t✐❧ ✐t ❝❛♥ ❜❡
r❡❞✉❝❡❞ t♦ tr✉❡ ♦r ❢❛❧s❡✳ ❖❢ ❝♦✉rs❡ ♦♥❧② t❤❡ ❣r♦✉♥❞ ✐♥st❛♥❝❡s ♦❢ t❤❡ ❣♦❛❧ ❝❛♥
❜❡ ♥♦r♠❛❧✐③❡❞ ❛♥❞ ❡♥✉♠❡r❛t✐♥❣ t❤♦s❡ ✐♥st❛♥❝❡s ❞♦❡s ♥♦t t❡r♠✐♥❛t❡ ✐♥ ❣❡♥❡r❛❧✳ ■♥
♦r❞❡r t♦ ❡♥s✉r❡ t❡r♠✐♥❛t✐♦♥ ✐♥ s♦♠❡ ❝❛s❡s✱ t❤❡ ♣r❡✈✐♦✉s❧② ❡♥❝♦✉♥t❡r❡❞ ❣♦❛❧s ❝❛♥
t❤❡♠s❡❧✈❡s ❜❡ ✉s❡❞ ❛s ❞❡r✐✈❡❞ r❡✇r✐t❡ r✉❧❡s✱ ♣r♦✈✐❞❡❞ t❤❡ ❝♦♥s✐❞❡r❡❞ t❡r♠s ❛r❡
str✐❝t❧② ❧♦✇❡r t❤❛♥ t❤❡ ✐♥✐t✐❛❧ ♦♥❡s✱ ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ r❡❞✉❝t✐♦♥ ♦r❞❡r✐♥❣✱ ✇❤✐❝❤
❝❛♥ ❜❡ ❡✐t❤❡r ✜①❡❞ ❛ ♣r✐♦r✐ ♦r ❝♦♥str✉❝t❡❞ ❞②♥❛♠✐❝❛❧❧② ❛❧❧ ❛❧♦♥❣ t❤❡ s❡❛r❝❤✳
❚❤✐s t❡❝❤♥✐q✉❡ ❛❧❧♦✇s ♦♥❡ t♦ s✐♠✉❧❛t❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s❡s
✇✐t❤♦✉t ❤❛✈✐♥❣ t♦ st❛t❡ ❡①♣❧✐❝✐t❧② t❤❡ ✐♥❞✉❝t✐✈❡ ✐♥✈❛r✐❛♥ts ✭♦❢ ❝♦✉rs❡ ❛❞❞✐t✐♦♥❛❧
✐♥❞✉❝t✐✈❡ ❧❡♠♠❛t❛ st✐❧❧ ❤❛✈❡ t♦ ❜❡ ❛❞❞❡❞ ❜② ❤❛♥❞ ✐♥ ♠❛♥② ❝❛s❡s✮✳ ❍♦✇❡✈❡r✱
t❤❡s❡ ❛♣♣r♦❛❝❤❡s ❛r❡ r❡str✐❝t❡❞ t♦ ❣♦❛❧s ♦❢ t❤❡ ❢♦r♠ ∀xψ ✇❤❡r❡ ψ ✐s ❛ q✉❛♥t✐✜❡r✲
❢r❡❡ ❢♦r♠✉❧æ✱ t❤✉s t❤❡② ❝❛♥♥♦t ❤❛♥❞❧❡ ❢♦r♠✉❧æ ❛s φ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱
✇❤♦s❡ ❣♦❛❧ ✐s ♦❢ t❤❡ ❢♦r♠ ∀n∃xψ✱ ❜❡❢♦r❡ ♥❡❣❛t✐♦♥ ✭t❤❡ ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠ ♣r♦✈❡r
❙P■❑❊ ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ ✐♥ ♦r❞❡r t♦ ❤❛♥❞❧❡ ❡①✐st❡♥t✐❛❧ ✈❛r✐❛❜❧❡s ❬✺❪✱ ❜✉t t❤❡ ✉s❡
♦❢ s✉❝❤ ✈❛r✐❛❜❧❡s ✐s str♦♥❣❧② r❡str✐❝t❡❞✮✳ ❚❤❡ ✏✐♥❞✉❝t✐♦♥❧❡ss ✐♥❞✉❝t✐♦♥✑ ❛♣♣r♦❛❝❤
❬✽❪✱ ✇❤✐❝❤ r❡❞✉❝❡s ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠ ♣r♦✈✐♥❣ t♦ ❛ ❝♦♥s✐st❡♥❝② t❡st ✐♥ ✜rst✲♦r❞❡r
❧♦❣✐❝✱ s✉✛❡rs ❢r♦♠ t❤❡ s❛♠❡ ❧✐♠✐t❛t✐♦♥✳
■♥ ♣r❡✈✐♦✉s ✇♦r❦ ❬✷✱ ✶✻❪✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ s✉♣❡r♣♦s✐✲
t✐♦♥ ❝❛❧❝✉❧✉s ✇❤✐❝❤ ✐s t❛✐❧♦r❡❞ t♦ ❤❛♥❞❧❡ ❢♦r♠✉❧æ s✉❝❤ ❛s t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳ ❚❤❡
✐❞❡❛ ✐s t✇♦❢♦❧❞✳ ❋✐rst✱ t❤❡ ❛r✐t❤♠❡t✐❝ t❡r♠s ❛r❡ ❛❜str❛❝t❡❞ ❛✇❛② ❛♥❞ r❡♣❧❛❝❡❞
❜② ✈❛r✐❛❜❧❡s✱ ✐♥ ♦r❞❡r t♦ ❛❧❧♦✇ ✐♥❢❡r❡♥❝❡s ♦♥ t❤❡♠✳ ❚❤✐s ❛❧❧♦✇s ♦♥❡ t♦ ❣❡t r✐❞
✷
♦❢ ✜rst✲♦r❞❡r s②♠❜♦❧s ✐♥ ♦r❞❡r t♦ ❞❡r✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ ♣✉r❡ ❛r✐t❤♠❡t✐❝ t❡r♠s✳
❙❡❝♦♥❞✱ t❤❡ ✉s✉❛❧ ✐♥❢❡r❡♥❝❡ r✉❧❡s ♦❢ t❤❡ ❝❛❧❝✉❧✉s ❛r❡ ❡♥r✐❝❤❡❞ ✇✐t❤ ❛ ♥❡✇ r✉❧❡
❛❧❧♦✇✐♥❣ t♦ ❞❡t❡❝t ❝②❝❧❡s ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥s✳ ❚❤❡s❡ ❧♦♦♣s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✐♥❞✉❝✲
t✐✈❡ ✐♥✈❛r✐❛♥ts t❤❛t ❛r❡ ♥❡❡❞❡❞ t♦ ❡st❛❜❧✐s❤ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ t❤❡♦r❡♠✳ ❆ ✜rst
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡ ✐s ❣✐✈❡♥ ✐♥ ❬✷❪ ❛♥❞ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✈❡rs✐♦♥ ✐s
♣r♦✈✐❞❡❞ ✐♥ ❬✶✻❪ ②✐❡❧❞✐♥❣ str♦♥❣❡r ❝♦♠♣❧❡t❡♥❡ss r❡s✉❧ts ✭♦❢ ❝♦✉rs❡ t❤❡ ♠❡t❤♦❞ ✐s
♥♦t ❝♦♠♣❧❡t❡ ✐♥ ❣❡♥❡r❛❧✱ s✐♥❝❡ t❤❡ ❧♦❣✐❝ ✐s ♥♦t ❡✈❡♥ s❡♠✐✲❞❡❝✐❞❛❜❧❡ ❬✶✻❪✮✳ ❘♦✉❣❤❧②
s♣❡❛❦✐♥❣✱ t❤❡s❡ r✉❧❡s ❛♣♣❧② ✇❤❡♥ ❛ s❡t ♦❢ ❝❧❛✉s❡s S[n] ✐s ❣❡♥❡r❛t❡❞ ✭✇❤❡r❡ n ✐s ❛♥
❛r✐t❤♠❡t✐❝ ❝♦♥st❛♥t✮ s✉❝❤ t❤❛t t❤❡ s❡t n ≥ k∧S[n−k] ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ S[n]
✭✉s✐♥❣ t❤❡ ✐♥❢❡r❡♥❝❡ r✉❧❡s ♦❢ t❤❡ ❝❛❧❝✉❧✉s✮✳ ❇② ❞❡s❝❡♥t❡ ✐♥✜♥✐❡✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤✐s
✐♠♣❧✐❡s t❤❛t S ✐s ✉♥s❛t✐s✜❛❜❧❡✳ ❚❤❡ s♦✉♥❞♥❡ss ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s ♣r♦✈❡♥ ✐♥ ❬✷✱
✶✻❪✱ ❛♥❞ s♦♠❡ ✭♣❛rt✐❛❧✮ ❝♦♠♣❧❡t❡♥❡ss r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞✳ ■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱
✇❡ t❛❝❦❧❡ ♠♦r❡ ♣r❛❝t✐❝❛❧ ❛s♣❡❝ts✱ ♥❛♠❡❧② t❤❡ ❡✣❝✐❡♥t ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ s❡ts ♦❢
❝❧❛✉s❡s ♦♥ ✇❤✐❝❤ t❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✳ ❚❤❡ ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥
✜♥❞✐♥❣ ❡✣❝✐❡♥t❧② s❡ts ♦❢ ❝❧❛✉s❡s S s❛t✐s❢②✐♥❣ t❤❡ r❡❧❛t✐♦♥ ❛❜♦✈❡✳ ❲❡ ♣r❡s❡♥t t✇♦
❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s ❢♦r ♣❡r❢♦r♠✐♥❣ t❤✐s t❛s❦ ✭❡❛❝❤ ✇✐t❤ t❤❡✐r ♣r♦s ❛♥❞ ❝♦♥s✮✳
❲❡ ❞❡s❝r✐❜❡ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♦✉r ♠❡t❤♦❞ ❛♥❞ ♣r♦✈✐❞❡ s♦♠❡ ♣r❡❧✐♠✐♥❛r②
❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳
✷ ❙②♥t❛① ❛♥❞ ❙❡♠❛♥t✐❝s
❲❡ ✜rst❧② ❞❡✜♥❡ t❤❡ s②♥t❛① ❛♥❞ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❧♦❣✐❝✳ ❲❡ ❛ss✉♠❡
s♦♠❡ ❢❛♠✐❧✐❛r✐t② ✇✐t❤ t❤❡ ✉s✉❛❧ ♥♦t✐♦♥s ✐♥ ❧♦❣✐❝ ❛♥❞ ❛✉t♦♠❛t❡❞ ❞❡❞✉❝t✐♦♥ ✭♠✐ss✲
✐♥❣ ❞❡✜♥✐t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥✱ ❡✳❣✳✱ ❬✶✽❪✮✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ ❞✐st✐♥❝t s♦rts✿ t❤❡
s♦rt term ♦❢ t❤❡ st❛♥❞❛r❞ t❡r♠s✱ ❛♥❞ t❤❡ s♦rt nat ♦❢ t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳ ❚❤❡
s❡t ♦❢ t❡r♠s ✐s ❜✉✐❧t ❛s ✉s✉❛❧ ♦♥ ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥ s②♠❜♦❧s Σ ❛♥❞ ♦♥ ❛ s❡t ♦❢
✈❛r✐❛❜❧❡s X ✳ ❚❤❡ s✐❣♥❛t✉r❡ Σ ❝♦♥t❛✐♥s ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ s②♠❜♦❧s 0 ❛♥❞ succ✱ ♦❢
♣r♦✜❧❡ nat ❛♥❞ nat → nat r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛ss✉♠❡ t❤❛t Σ ❝♦♥t❛✐♥s ♥♦ ♦t❤❡r
s②♠❜♦❧ ♦❢ r❛♥❣❡ nat✳
❆♥ ❛t♦♠ ✐s ❛♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ t ≃ s ✇❤❡r❡ t ❛♥❞ s ❛r❡ t❡r♠s ♦❢ s♦rt
term✳ ❆ ❧✐t❡r❛❧ ✐s ❡✐t❤❡r ❛♥ ❛t♦♠ ✭♣♦s✐t✐✈❡ ❧✐t❡r❛❧✮ ♦r t❤❡ ♥❡❣❛t✐♦♥ ♦❢ ❛♥ ❛t♦♠
✭♥❡❣❛t✐✈❡ ❧✐t❡r❛❧✮✳ ❆ ❝❧❛✉s❡ ✐s ❛ ✜♥✐t❡ s❡t ✭✇r✐tt❡♥ ❛s ❛ ❞✐s❥✉♥❝t✐♦♥✮ ♦❢ ❧✐t❡r❛❧s✳ ▲❡t
n ❜❡ ❛ s♣❡❝✐❛❧ s②♠❜♦❧✱ ❝❛❧❧❡❞ t❤❡ ♣❛r❛♠❡t❡r✱ ♥♦t ♦❝❝✉rr✐♥❣ ✐♥ Σ ✭n ✐s ✐♥t❡♥❞❡❞ t♦
❞❡♥♦t❡ ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✱ ❛♥❞ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❝♦♥st❛♥t s②♠❜♦❧ ♦❢ s♦rt nat✮✳
❉❡✜♥✐t✐♦♥ ✶✳ ❆♥ n✲❝❧❛✉s❡ ✐s ❛ ♣❛✐r [C |
∧k
i=1 n ≃ ti] ✇❤❡r❡ C ✐s ❛ ❝❧❛✉s❡ ❛♥❞
t❤❡ ti✬s ✭1 ≤ i ≤ k✮ ❛r❡ t❡r♠s ♦❢ s♦rt nat✳ ■t ✐s ♥♦r♠❛❧✐③❡❞ ✐❢ k ∈ {0, 1}✳ ■❢
k = 0✱
∧k
i=1 n ≃ ti ✐s ❡q✉✐✈❛❧❡♥t t♦ tr✉❡ ❜② ❝♦♥✈❡♥t✐♦♥ ❛♥❞ [C |
∧k
i=1 n ≃ ti] ✐s
s✐♠♣❧② ✇r✐tt❡♥ C✳ C ✐s t❤❡ ❝❧❛✉s❛❧ ♣❛rt ♦❢ t❤❡ n✲❝❧❛✉s❡✱ ❛♥❞
∧k
i=1 n ≃ ti ✐s t❤❡
❝♦♥str❛✐♥t✳
◆♦t❡ t❤❛t ❜② ❞❡✜♥✐t✐♦♥✱ n ❝❛♥ ♦♥❧② ♦❝❝✉r ✐♥ t❤❡ ❝♦♥str❛✐♥t ♣❛rt ♦❢ t❤❡ n✲❝❧❛✉s❡
✭s✐♥❝❡ n 6∈ Σ✮✳ ❚❤✉s ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢♦r♠ f(n) ≃ a ❢♦r ✐♥st❛♥❝❡ ✐s t♦ ❜❡
✇r✐tt❡♥ ❛s [f(x) ≃ a | n ≃ x]✱ ✇❤❡r❡ x ✐s ❛ ✈❛r✐❛❜❧❡ ♦❢ s♦rt nat✳
❋♦r ❡✈❡r② ❡①♣r❡ss✐♦♥ e✱ ✈❛r(e) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ♦❝❝✉rr✐♥❣ ✐♥ e✳ ❆♥
❡①♣r❡ss✐♦♥ ✐s ❣r♦✉♥❞ ✐❢ ✐t ❝♦♥t❛✐♥s ♥♦ ✈❛r✐❛❜❧❡✳
✸
❆ s✉❜st✐t✉t✐♦♥ σ ✐s ❛ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ ❡✈❡r② ✈❛r✐❛❜❧❡ t♦ ❛ t❡r♠ ♦❢ t❤❡ s❛♠❡
s♦rt✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ σ ✐s t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s x s✉❝❤ t❤❛t xσ 6= x✳ ❋♦r ❡✈❡r②
❡①♣r❡ss✐♦♥ e✱ eσ ❞❡♥♦t❡s ❛s ✉s✉❛❧ t❤❡ ❡①♣r❡ss✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠ e ❜② r❡♣❧❛❝✐♥❣
❡✈❡r② ♦❝❝✉rr❡♥❝❡ ♦❢ ❡❛❝❤ ✈❛r✐❛❜❧❡ x ❜② xσ✳ ❚❤❡ s✉❜st✐t✉t✐♦♥ σ ✐s ❣r♦✉♥❞ ✐✛ ❢♦r
❡✈❡r② ✈❛r✐❛❜❧❡ x ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ σ✱ xσ ✐s ❣r♦✉♥❞✳
❚❤❡ t❡r♠s t1, . . . , tk ❛r❡ ✉♥✐✜❛❜❧❡ ✐✛ t❤❡r❡ ❡①✐sts ❛ s✉❜st✐t✉t✐♦♥ σ s✉❝❤ t❤❛t
t1σ = · · · = tkσ✳ ❆♥② s❡t ♦❢ ✉♥✐✜❛❜❧❡ t❡r♠s ❤❛s ❛ ♠♦st ❣❡♥❡r❛❧ ✉♥✐✜❡r ✭✉♥✐q✉❡
✉♣ t♦ ❛ r❡♥❛♠✐♥❣✮✳
❲❡ ✐❞❡♥t✐❢② ❛ t❡r♠ succk(0) ✇✐t❤ t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡r k❀ t❤✉s ✇❡ ✇r✐t❡✱ ❡✳❣✳✱
succ
k(0) < succl(0) ❢♦r k < l✱ ♦r k + t ❢♦r succk(t)✳
■♥t❡r♣r❡t❛t✐♦♥s ❛r❡ ✉s✉❛❧❧② ❞❡✜♥❡❞ ❛s ❝♦♥❣r✉❡♥❝❡s ♦♥ t❤❡ s❡t ♦❢ t❡r♠s✳ ■♥
♦✉r s❡tt✐♥❣✱ ✇❡ ❛❧s♦ ❤❛✈❡ t♦ s♣❡❝✐❢② t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ s②♠❜♦❧ n ✭t❤❡ s②♠❜♦❧s 0
❛♥❞ succ ❛r❡ ✐♥t❡r♣r❡t❡❞ ❛s ❢r❡❡ ❝♦♥str✉❝t♦rs✱ ♥♦t❡ t❤❛t t❤❡ ❝❧❛✉s❡s ❝♦♥t❛✐♥ ♥♦
❡q✉❛t✐♦♥s ❜❡t✇❡❡♥ ♥❛t✉r❛❧ ♥✉♠❜❡rs✮✳ ❚❤✐s ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣✿
❉❡✜♥✐t✐♦♥ ✷✳ ❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ I ✐s ❞❡✜♥❡❞ ❜② ❛ ♣❛✐r (nI ,≃I)✱ ✇❤❡r❡ nI ✐s
♥❛t✉r❛❧ ♥✉♠❜❡r ✭✐✳❡✳✱ ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠ succk(0)✮ ❛♥❞ ≃I ✐s ❛ ❝♦♥❣r✉❡♥❝❡ ♦♥
t❤❡ s❡t ♦❢ ❣r♦✉♥❞ t❡r♠s ♦❢ s♦rt term✳
❚❤❡ ♥♦t✐♦♥ ♦❢ ✈❛❧✐❞✐t② ✐s ❞❡✜♥❡❞ ✐♥ ❛ ✈❡r② ♥❛t✉r❛❧ ✇❛②✿
❉❡✜♥✐t✐♦♥ ✸✳ ❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ I ✈❛❧✐❞❛t❡s ❛♥ ❡①♣r❡ss✐♦♥ E ✭✇r✐tt❡♥ I |= E✮
✐✛ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✳
✕ E ✐s ❛ ❣r♦✉♥❞ ❧✐t❡r❛❧ t ≃ s ✭r❡s♣✳ t 6≃ s✮ ❛♥❞ t ≃I s ✭r❡s♣✳ t 6≃I s✮✳
✕ E ✐s ❛ ❣r♦✉♥❞ ❝❧❛✉s❡
∨k
i=1 li ❛♥❞ t❤❡r❡ ❡①✐sts i ∈ [1, k] s✉❝❤ t❤❛t I |= li✳
✕ E ✐s ❛♥ n✲❝❧❛✉s❡ [C |
∧k
i=1 n ≃ ti] ❛♥❞ ❢♦r ❡✈❡r② ❣r♦✉♥❞ s✉❜st✐t✉t✐♦♥ σ ♦❢
❞♦♠❛✐♥ ✈❛r(E) s✉❝❤ t❤❛t ∀i ∈ [1, k], nI = tiσ✱ ✐t ❤♦❧❞s t❤❛t I |= Cσ✳
✕ E ✐s ❛ s❡t ♦❢ n✲❝❧❛✉s❡s ❛♥❞ ∀C ∈ E, I |= C✳
❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ ✈❛❧✐❞❛t✐♥❣ E ✐s ❛ ♠♦❞❡❧ ♦❢ E✳ ❲❡ ✇r✐t❡ E |= E′ ✐❢ ❡✈❡r② ♠♦❞❡❧
♦❢ E ✐s ❛ ♠♦❞❡❧ E′✳ ❚✇♦ ❡①♣r❡ss✐♦♥s E ❛♥❞ E′ ❛r❡ ❡q✉✐✈❛❧❡♥t ✭✇r✐tt❡♥ E ≡ E′✮
✐❢ E |= E′ ❛♥❞ E′ |= E✳ ❆ t❛✉t♦❧♦❣② ✐s ❛♥ ❡①♣r❡ss✐♦♥ ❡q✉✐✈❛❧❡♥t t♦ tr✉❡✳
❇② ❞❡✜♥✐t✐♦♥✱ I |= [2 | n ≃ succk(0)] ✐✛ nI 6= k✳ ❙✐♠✐❧❛r❧②✱ I |= [2 | n ≃
succ
k(x)] ✐✛ nI < k ✭✇❤❡r❡ x ✐s ❛ ✈❛r✐❛❜❧❡✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛♥ n✲❝❧❛✉s❡ ♦❢ t❤❡
❢♦r♠ [2 | n ≃ succk(0)] ✭r❡s♣✳ [2 | n ≃ succk(x)]✮ ✇✐❧❧ ❜❡ ✇r✐tt❡♥ n 6≃ k ✭r❡s♣✳
n < k✮✳
■❢ I ✐s ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ k ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✱ ✇❡ ❞❡♥♦t❡ ❜② I[k/n] t❤❡
✐♥t❡r♣r❡t❛t✐♦♥ ❝♦✐♥❝✐❞✐♥❣ ✇✐t❤ I✱ ❡①❝❡♣t t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ n ✐s s❡t t♦ k✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t ❡✈❡r② ♥♦♥✲t❛✉t♦❧♦❣✐❝❛❧ n✲❝❧❛✉s❡ ✐s ❡q✉✐✈✲
❛❧❡♥t t♦ ❛ ♥♦r♠❛❧✐③❡❞ n✲❝❧❛✉s❡✳
Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t C = [C |
∧k
i=1 n ≃ ti] ❜❡ ❛♥ n✲❝❧❛✉s❡✳ ■❢ t1, . . . , tn ❛r❡
✉♥✐✜❛❜❧❡✱ t❤❡♥ C ✐s ❡q✉✐✈❛❧❡♥t t♦ [Cσ | n ≃ t1σ]✱ ✇❤❡r❡ σ ✐s ❛♥ ♠✳❣✳✉✳ ♦❢ t1, . . . , tn✳
❖t❤❡r✇✐s❡ C ✐s ❛ t❛✉t♦❧♦❣②✳
❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶ ✇❡ ❝❛♥ s❛❢❡❧② ❛ss✉♠❡ t❤❛t ❡✈❡r② n✲❝❧❛✉s❡ ✐s ♥♦r♠❛❧✐③❡❞
✭t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦♣❡r❛t✐♦♥ ✐s ❛♣♣❧✐❡❞ ✐♥ ❛ s②st❡♠❛t✐❝ ✇❛② t♦ ❡✈❡r② ❣❡♥❡r❛t❡❞
n✲❝❧❛✉s❡✮✳
❚❤❡ ✉s✉❛❧ r❡❧❛t✐♦♥ ♦❢ s✉❜s✉♠♣t✐♦♥ ❡①t❡♥❞s str❛✐❣❤t❢♦r✇❛r❞❧② t♦ n✲❝❧❛✉s❡s✿
✹
❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t C = [C |
∧k
i=1 n ≃ ti] ❛♥❞ C
′ = [C ′ |
∧l
i=1 n ≃ t
′
i] ❜❡ t✇♦
n✲❝❧❛✉s❡s✳ ❚❤❡ n✲❝❧❛✉s❡ C s✉❜s✉♠❡s C′ ✭✇r✐tt❡♥ C ≤sub C
′✮ ✐❢ t❤❡r❡ ❡①✐sts ❛
s✉❜st✐t✉t✐♦♥ σ s✉❝❤ t❤❛t Cσ ⊆ C ′ ❛♥❞ {t1, . . . , tk}σ ⊆ {t
′
1, . . . , t
′
l}σ✳
Pr♦♣♦s✐t✐♦♥ ✷✳ ■❢ C ≤sub C
′ t❤❡♥ C |= C′✳
❚❤❡ s✉❜s✉♠♣t✐♦♥ r❡❧❛t✐♦♥ ≤sub ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ s❡ts ♦❢ n✲❝❧❛✉s❡s✿ ✇❡ ✇r✐t❡
S ≤sub S
′ ✐❢ ❢♦r ❡✈❡r② C′ ∈ S′✱ t❤❡r❡ ❡①✐sts C ∈ S s✉❝❤ t❤❛t C ≤sub C
′✳
❇② ❉❡✜♥✐t✐♦♥ ✸✱ ❛♥ n✲❝❧❛✉s❡ [C | n ≃ succi(x)] ✭✇✐t❤ x ∈ X ✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢♦r♠ n ≥ i⇒ C[n− i]✳ ❚❤❡ r❛♥❦ ♦❢ [C | n ≃ succi(x)] ✐s t❤❡
♥✉♠❜❡r r s✉❝❤ t❤❛t n − r ✐s t❤❡ ♠❛①✐♠❛❧ ❡①♣r❡ss✐♦♥ ❝♦♥t❛✐♥✐♥❣ n ♦❝❝✉rr✐♥❣ ✐♥
C[n− i]✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ n✲❝❧❛✉s❡ [f(x, succ(y)) ≃ y | n ≃ succi(x)]✳ ■t
✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡①♣r❡ss✐♦♥ f(x, succ(n−i)) ≃ n−i✱ ✐✳❡✳✱ f(x, n−(i−1)) ≃ n−i✱
❤❡♥❝❡ ✐ts r❛♥❦ ✐s i − 1✳ ◆♦t❡ t❤❛t ✐❢ C ❝♦♥t❛✐♥s ♥♦ ♦❝❝✉rr❡♥❝❡ ♦❢ succ t❤❡♥ t❤❡
r❛♥❦ ♦❢ [C | n ≃ succi(x)] ✐s s✐♠♣❧② i✳ ❋♦r ❡✈❡r② s❡t ♦❢ n✲❝❧❛✉s❡s S ❛♥❞ ❢♦r ❡✈❡r②
♥❛t✉r❛❧ ♥✉♠❜❡r i✱ ✇❡ ❞❡♥♦t❡ ❜② S[i] t❤❡ s❡t ♦❢ n✲❝❧❛✉s❡s ♦❢ r❛♥❦ i ✐♥ S✳ ❲❡ ❞❡♥♦t❡
❜② S[⊤] t❤❡ s❡t ♦❢ n✲❝❧❛✉s❡s ✇❤♦s❡ ❝♦♥str❛✐♥t ✐s tr✉❡✳
✸ ❙✉♣❡r♣♦s✐t✐♦♥ ❈❛❧❝✉❧✉s
❚❤❡ ✉s✉❛❧ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s ❝❛♥ ❡❛s✐❧② ❜❡ ❡①t❡♥❞❡❞ t♦ ♦♣❡r❛t❡ ♦♥ n✲❝❧❛✉s❡s✳
▲❡t < ❜❡ ❛ r❡❞✉❝t✐♦♥ ♦r❞❡r✐♥❣ ❛♥❞ ❧❡t s❡❧ ❜❡ ❛ s❡❧❡❝t✐♦♥ ❢✉♥❝t✐♦♥✱ ♠❛♣♣✐♥❣ ❡✈❡r②
❝❧❛✉s❡ C t♦ ❛ s✉❜s❡t ♦❢ C✱ s✉❝❤ t❤❛t ❡✐t❤❡r s❡❧(C) ❝♦♥t❛✐♥s ❛ ♥❡❣❛t✐✈❡ ❧✐t❡r❛❧✱ ♦r
s❡❧(C) ❝♦♥t❛✐♥s ❛❧❧ t❤❡ <✲♠❛①✐♠❛❧ ❧✐t❡r❛❧s ✐♥ C✳ ❚❤❡ ❝❛❧❝✉❧✉s ✐s ❞❡✜♥❡❞ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ t❤r❡❡ r✉❧❡s ✭t❤❡ ♣r❡♠✐ss❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ♥♦r♠❛❧✐③❡❞✮✳ ❆s ✉s✉❛❧ t|p
✐s t❤❡ t❡r♠ ♦❝❝✉rr✐♥❣ ❛t ♣♦s✐t✐♦♥ p ✐♥ t✱ ❛♥❞ t[s]p ✐s t❤❡ t❡r♠ ♦❜t❛✐♥❡❞ ❢r♦♠ t ❜②
r❡♣❧❛❝✐♥❣ t❤❡ s✉❜t❡r♠ ❛t ♣♦s✐t✐♦♥ p ❜② s✳
❙✉♣❡r♣♦s✐t✐♦♥
[C ∨ t ⊲⊳ s | X ], [D ∨ u ≃ v | Y]
[C ∨D ∨ t[v]p ⊲⊳ s | X ∧ Y]σ
■❢ ⊲⊳∈ {≃, 6≃}✱ σ = ♠❣✉(u, t|p)✱ uσ 6≤ vσ, tσ 6≤ sσ✱ t|p ✐s ♥♦t ❛ ✈❛r✐❛❜❧❡✱
(t ⊲⊳ s)σ ∈ s❡❧((C ∨ t ⊲⊳ s)σ)✱ (u ≃ v)σ ∈ s❡❧((D ∨ u ≃ v)σ)✳
❘❡✢❡❝t✐♦♥
[C ∨ t 6≃ s | X ]
[C | X ]σ
■❢ σ = ♠❣✉(t, s)✱ (t 6≃ s)σ ∈ s❡❧((C ∨ t 6≃ s)σ)
❋❛❝t♦r✐s❛t✐♦♥
[C ∨ t ≃ s ∨ u ≃ v | X ]
[C ∨ s 6≃ v ∨ t ≃ s | X ]σ
■❢ σ = ♠❣✉(t, u)✱ tσ 6< sσ✱ uσ 6< vσ✱ (t ≃ s)σ ∈ s❡❧((C ∨ t ≃ s ∨ u ≃ v)σ)✳
✺
❊①❛♠♣❧❡ ✶✳ ❚❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡ ♦❢ t❤❡ ■♥tr♦❞✉❝t✐♦♥ ✐s ❢♦r♠❛❧✐③❡❞ ❛s ❢♦❧❧♦✇s✳
1 p(0, a) ≃ tr✉❡
2 p(x, y) 6≃ tr✉❡ ∨ p(succ(x), f(y)) ≃ tr✉❡
3 [q(x, y) 6≃ tr✉❡ | n ≃ x]
4 q(x, y) ≃ tr✉❡ ∨ p(x, y) 6≃ tr✉❡
❚❤❡ ❢♦❧❧♦✇✐♥❣ n✲❝❧❛✉s❡s ❛r❡ ❣❡♥❡r❛t❡❞ ✭❢♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ t❤❡ ❧✐t❡r❛❧s ♦❢ t❤❡
❢♦r♠ tr✉❡ 6≃ tr✉❡ ❛r❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❝❧❛✉s❡s✮✿
5 [p(x, y) 6≃ tr✉❡ | n ≃ x] ✭s✉♣❡r♣♦s✐t✐♦♥✱ ✹✱ ✸✮
6 [2 | n ≃ 0] ✭s✉♣❡r♣♦s✐t✐♦♥✱ ✶✱ ✺✮
7 [p(x, y) 6≃ tr✉❡ | n ≃ succ(x)] ✭s✉♣❡r♣♦s✐t✐♦♥✱ ✷✱ ✺✮
8 [2 | n ≃ succ(0)] ✭s✉♣❡r♣♦s✐t✐♦♥✱ ✶✱ ✼✮
9 [p(x, y) 6≃ tr✉❡ | n ≃ succ(succ(x))] ✭s✉♣❡r♣♦s✐t✐♦♥✱ ✷✱ ✼✮
❆♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ n✲❝❧❛✉s❡s ♦❢ t❤❡ ❢♦r♠ [2 | n ≃ succk(0)] ✭✐✳❡✳ n 6≃ k✮ ❝❛♥
❜❡ ❣❡♥❡r❛t❡❞✳
✹ ▲♦♦♣ ❉❡t❡❝t✐♦♥
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❦❡② ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♣r♦❝❡❞✉r❡✱ ♥❛♠❡❧② t❤❡ ❧♦♦♣
❞❡t❡❝t✐♦♥ r✉❧❡✳ ❲❡ ♣r♦✈✐❞❡ ❛ s✐♠♣❧❡r ❛♥❞ ❛❜str❛❝t ✈❡rs✐♦♥ ♦❢ t❤❡ r✉❧❡ ✭❝♦♠♣❛r❡❞
✇✐t❤ t❤♦s❡ ✐♥ ❬✷✱ ✶✻❪✮ ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t ❢♦r ♦✉r ♣✉r♣♦s❡s ✭t❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡
♣r♦✈✐❞❡❞ ✐♥ ❬✶✻❪ ✐s ♠✉❝❤ ♠♦r❡ ❣❡♥❡r❛❧ ❜❡❝❛✉s❡ ✐t ❤❛♥❞❧❡s ♣❛r❛♠❡t❡rs ✐♥t❡r♣r❡t❡❞
❛s ✇♦r❞s ✐♥st❡❛❞ ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs✮✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ♥❡✇
❞❡✜♥✐t✐♦♥s ❛♥❞ ❛❧❣♦r✐t❤♠s ❛❧❧♦✇✐♥❣ ❢♦r ❛♥ ❡✣❝✐❡♥t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ r✉❧❡✳ ❲❡
✜rst ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✳
❉❡✜♥✐t✐♦♥ ✺✳ ❋♦r ❡✈❡r② ♥❛t✉r❛❧ ♥✉♠❜❡r i ❛♥❞ ❢♦r ❡✈❡r② n✲❝❧❛✉s❡ C = [C |
∧k
j=1 n ≃ tj ]✱ ✇❡ ❞❡♥♦t❡ ❜② C↓i t❤❡ n✲❝❧❛✉s❡ [C |
∧k
j=1 n ≃ succ
i(tj)]✳ ■❢ S ✐s ❛
s❡t ♦❢ n✲❝❧❛✉s❡s✱ t❤❡♥ S↓i
❞❡❢
= {C↓i| C ∈ S}✳
■♥t✉✐t✐✈❡❧②✱ S↓i ❞❡♥♦t❡s t❤❡ s❛♠❡ ❢♦r♠✉❧❛ ❛s S✱ ✇✐t❤ n r❡♣❧❛❝❡❞ ❜② n − i✳ ❚❤✐s
②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣✿
Pr♦♣♦s✐t✐♦♥ ✸✳ ▲❡t i, j ∈ N✱ ❧❡t S ❜❡ ❛ s❡t ♦❢ n✲❝❧❛✉s❡s ❛♥❞ ❧❡t I ❜❡ ❛♥ ✐♥t❡r✲
♣r❡t❛t✐♦♥✳ ■❢ I |= S↓j ❛♥❞ I(n) = i+ j t❤❡♥ I[i/n] |= S✳
Pr♦♦❢✳ ▲❡t C = [C |
∧k
l=1 n ≃ tl] ∈ S✳ ▲❡t σ ❜❡ ❛ s✉❜st✐t✉t✐♦♥ s✉❝❤ t❤❛t ∀l ∈
[1, k]nI[i/n] = tiσ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ∀l ∈ [1, k], tlσ = i s✐♥❝❡ nI[i/n] = i ❜②
❞❡✜♥✐t✐♦♥✳ ❲❡ ❤❛✈❡ C↓j= [C |
∧k
l=1 n ≃ succ
j(tl)]✳ ❙✐♥❝❡ tlσ = i ❛♥❞ nI = i+ j
✇❡ ❤❛✈❡ nI = tlσ✱ ❢♦r ❛❧❧ l ∈ [1, k]✳ ❙✐♥❝❡ I |= S↓j ✱ t❤✐s ❡♥t❛✐❧s t❤❛t I |= Cσ✱ ❛♥❞
t❤✉s I[i/n] |= Cσ ✭s✐♥❝❡ Cσ ❝♦♥t❛✐♥s ♥♦ ♦❝❝✉rr❡♥❝❡ ♦❢ n✮✳
❉❡✜♥✐t✐♦♥ ✻✳ ▲❡t S ❜❡ ❛ s❡t ♦❢ ❝❧❛✉s❡s✳ ❆ ♣❛✐r ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs (i, j) ✭✇✐t❤
j 6= 0✮ ✐s ❛♥ ✐♥❞✉❝t✐✈❡ ❧♦♦♣ ❢♦r S ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡t S′ ⊆ S s✉❝❤ t❤❛t S′ |= n 6≃ l✱
❢♦r ❡✈❡r② l ∈ [i, i+ j[ ❛♥❞ S′ |= S′↓j
✻
❚❤❡♦r❡♠ ✶✳ ■❢ (i, j) ✐s ❛♥ ✐♥❞✉❝t✐✈❡ ❧♦♦♣ ❢♦r S✱ t❤❡♥ S |= n < i✳
Pr♦♦❢✳ ❲❡ ❤❛✈❡ I |= S′✳ ▲❡t k ❜❡ t❤❡ ♠✐♥✐♠❛❧ ♥❛t✉r❛❧ ♥✉♠❜❡r ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦
i s✉❝❤ t❤❛t S′ ❤❛s ❛ ♠♦❞❡❧ I ✇✐t❤ nI = k✳ ■❢ k < i+ j✱ t❤❡♥ ✇❡ ❤❛✈❡ S
′ |= n 6≃ k✱
✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ I 6|= n 6≃ k✱ ❜② ❞❡✜♥✐t✐♦♥✳ ❖t❤❡r✇✐s❡✱ ✇❡ ❤❛✈❡ I |= S′↓j ✱
❤❡♥❝❡ ❜② Pr♦♣♦s✐t✐♦♥ ✸ ✇❡ ❞❡❞✉❝❡ t❤❛t I[k − j/n] |= S′✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ❜②
♠✐♥✐♠❛❧✐t② ♦❢ k s✐♥❝❡ i ≤ k − j < k✳
✺ Pr❛❝t✐❝❛❧ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ▲♦♦♣ ❉❡t❡❝t✐♦♥ ❘✉❧❡
❚❤✐s s❡❝t✐♦♥ ❝♦♥t❛✐♥s t❤❡ ♠❛✐♥ ♥❡✇ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r✳ ❲❡ ❞❡✜♥❡ ❛❧❣♦r✐t❤♠s
t♦ t❡st ✇❤❡t❤❡r ❛ ♣❛✐r ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs (i, j) ✐s ❛♥ ✐♥❞✉❝t✐✈❡ ❧♦♦♣✳ ❚♦ t❤✐s
♣✉r♣♦s❡✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ❛ s❡t ♦❢ n✲❝❧❛✉s❡s S′ s❛t✐s❢②✐♥❣
t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❝❛♥♥♦t ❜❡ t❡st❡❞ s✐♥❝❡
s❡♠❛♥t✐❝ ❡♥t❛✐❧♠❡♥t ✐s ✉♥❞❡❝✐❞❛❜❧❡✳ ❲❡ ✇✐❧❧ t❤✉s ♦♥❧② ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ❢♦r♠✉❧æ
n 6≃ l ✭✇✐t❤ i ≤ l < i + j✮ ❛♥❞ S′ ↓j ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ S
′ ✉s✐♥❣ ✐♥❢❡r❡♥❝❡s
♣r❡✈✐♦✉s❧② ♣❡r❢♦r♠❡❞ ❜② t❤❡ ♣r♦✈❡r✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✇✐❧❧ ✐♠♣♦s❡ t❤❡ ❛❞❞✐t✐♦♥❛❧
r❡str✐❝t✐♦♥ t❤❛t ❛❧❧ t❤❡ n✲❝❧❛✉s❡s ✐♥ S′ ❝♦♥t❛✐♥✐♥❣ n ♦❝❝✉r ✐♥ t❤❡ s❡t S[i]✳ ❚❤✐s
❝♦♥❞✐t✐♦♥ ❣r❡❛t❧② ❞❡❝r❡❛s❡s t❤❡ s❡❛r❝❤ s♣❛❝❡ ❛♥❞ ✐t ♣r❡s❡r✈❡s t❤❡ ❝♦♠♣❧❡t❡♥❡ss
r❡s✉❧ts ✐♥ ❬✷✱ ✶✻❪✳
❲❡ ♣r♦❝❡❡❞ ✐♥ t✇♦ st❡♣s✳ ❋✐rst ✇❡ tr❛♥s❢♦r♠ t❤❡ s❡♠❛♥t✐❝ ❝♦♥❞✐t✐♦♥s ♦❢ ❉❡❢✲
✐♥✐t✐♦♥ ✻ ✐♥t♦ ♣✉r❡❧② s②♥t❛❝t✐❝ ♣r♦♣❡rt✐❡s ❛♥❞ t❤❡♥ ✇❡ ♣r♦✈✐❞❡ ❛❧❣♦r✐t❤♠s t♦ t❡st
t❤❡s❡ ♣r♦♣❡rt✐❡s ✐♥ ❛♥ ❡✛❡❝t✐✈❡ ✇❛②✳ ❲❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛❞❞✐t✐♦♥❛❧ ♥♦t❛t✐♦♥s✳
❉❡✜♥✐t✐♦♥ ✼✳ ▲❡t S ❜❡ ❛ s❡t ♦❢ n✲❝❧❛✉s❡s✳ ❆♥ ✐♥❢❡r❡♥❝❡ r❡❧❛t✐♦♥ δ ❢♦r S ✐s ❛
♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ ❡✈❡r② n✲❝❧❛✉s❡ C ∈ S t♦ ❛ s❡t ♦❢ n✲❝❧❛✉s❡s ✐♥ S s✉❝❤
t❤❛t C ✐s ❞❡❞✉❝✐❜❧❡ ❢r♦♠ δ(C) ❜② ♦♥❡ ♦❢ t❤❡ ✐♥❢❡r❡♥❝❡ r✉❧❡s ✭✐♥ ❡①❛❝t❧② ♦♥❡ st❡♣✮✳
■♥ ♣r❛❝t✐❝❡ t❤✐s r❡❧❛t✐♦♥ ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✐♥❢❡r❡♥❝❡s ♣r❡✈✐♦✉s❧② ♣❡r❢♦r♠❡❞
❜② t❤❡ ♣r♦✈❡r ✭D ∈ δ(C) ✐✛ D ✐s ❛ ♣❛r❡♥t ♦❢ C✮✳ ❚❤❡ n✲❝❧❛✉s❡s C s✉❝❤ t❤❛t δ(C) ✐s
♥♦t ❞❡✜♥❡❞ ❛r❡ ❤②♣♦t❤❡s❡s✱ ✐✳❡✳✱ n✲❝❧❛✉s❡s ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ✐♥✐t✐❛❧ s❡t✳ ❆♥ ✐♥❢❡r❡♥❝❡
r❡❧❛t✐♦♥ ✐♥❞✉❝❡s ❛ ❡♥t❛✐❧♠❡♥t r❡❧❛t✐♦♥ ⊢δ ❜❡t✇❡❡♥ s✉❜s❡ts ♦❢ S✳ ■♥❢♦r♠❛❧❧②✱ ✇❡
✇r✐t❡ S′ ⊢δ S
′′ ✐❢ ❛❧❧ t❤❡ n✲❝❧❛✉s❡s ✐♥ S′′ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ n✲❝❧❛✉s❡s ✐♥ S′∪S[⊤]
✉s✐♥❣ ✐♥❢❡r❡♥❝❡s ✐♥ δ✳ ❚❤✐s ✐s ❢♦r♠❛❧✐③❡❞ ❛s ❢♦❧❧♦✇s✿
❉❡✜♥✐t✐♦♥ ✽✳ ▲❡t S ❜❡ ❛ s❡t ♦❢ n✲❝❧❛✉s❡s ❛♥❞ ❧❡t δ ❜❡ ❛♥ ✐♥❢❡r❡♥❝❡ r❡❧❛t✐♦♥
❢♦r S✳ ❚❤❡ r❡❧❛t✐♦♥ ⊢δ ✐s t❤❡ s♠❛❧❧❡st r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ s✉❜s❡ts ♦❢ S s✉❝❤ t❤❛t
S′ ⊢δ S
′′ ✐❢ ❢♦r ❡✈❡r② n✲❝❧❛✉s❡ C ∈ S′′✱ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✿
✶✳ C ∈ S′✳
✷✳ δ(C) ✐s ❞❡✜♥❡❞ ❛♥❞ S′ ⊢δ δ(C)✳
✸✳ ❚❤❡ ❝♦♥str❛✐♥t ♣❛rt ♦❢ C ✐s tr✉❡✳
❚❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ ❈♦♥❞✐t✐♦♥ 3 ✐s t❤❛t t❤❡ n✲❝❧❛✉s❡s ✇❤♦s❡ ❝♦♥str❛✐♥ts ❛r❡
tr✉❡ ❛r❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt✐❡s✱ ✇❤✐❝❤ ❛r❡ ✈❛❧✐❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ n✳
❚❤✉s ✇❡ ❛ss✉♠❡ t❤❛t s✉❝❤ n✲❝❧❛✉s❡s ✭♦♥❝❡ t❤❡② ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡♥✱ ✐✳❡✳✱ ✐❢ t❤❡②
♦❝❝✉r ✐♥ S✮ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❤②♣♦t❤❡s❡s ✐♥ ❛♥② ❞❡r✐✈❛t✐♦♥✳
✼
Pr♦♣♦s✐t✐♦♥ ✹✳ ▲❡t S ❜❡ ❛ s❡t ♦❢ n✲❝❧❛✉s❡s ❛♥❞ ❧❡t δ ❜❡ ❛♥ ✐♥❢❡r❡♥❝❡ r❡❧❛t✐♦♥
❢♦r S✳ ■❢ S′ ⊢δ S
′′ t❤❡♥ S′ ∪ S[⊤] |= S′′ ∪ S[⊤]✳
■♥ ♦r❞❡r t♦ t❡st ❡♥t❛✐❧♠❡♥t ❜❡t✇❡❡♥ ❝❧❛✉s❡ s❡ts✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥♦t✐♦♥ ♦❢
✐♠♠❡❞✐❛t❡ ❡♥t❛✐❧♠❡♥t✿
❉❡✜♥✐t✐♦♥ ✾✳ ❆♥ ✐♠♠❡❞✐❛t❡ ❡♥t❛✐❧♠❡♥t r❡❧❛t✐♦♥ ✐s ❛ ❞❡❝✐❞❛❜❧❡ r❡❧❛t✐♦♥ ⊒ ❜❡✲
t✇❡❡♥ n✲❝❧❛✉s❡s s✉❝❤ t❤❛t C ⊒ D ⇒ C |= D✳ ❚❤❡ r❡❧❛t✐♦♥ ⊒ ✐s ❡①t❡♥❞❡❞ t♦ s❡ts
♦❢ n✲❝❧❛✉s❡s ❛s ❢♦❧❧♦✇s✿ S ⊒ S′ ✐✛ ∀C′ ∈ S′ ∃C ∈ S, C ⊒ C′✳
■♥ ♣r❛❝t✐❝❡✱ ⊒ ❝❛♥ ❜❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ✐❞❡♥t✐t② ✭C = D ✉♣ t♦ ❛ r❡♥❛♠✐♥❣ ♦❢
✈❛r✐❛❜❧❡s✮✱ t❤❡ ✐♥❝❧✉s✐♦♥ ✭C ⊆ D✮✱ ♦r t❤❡ s✉❜s✉♠♣t✐♦♥ r❡❧❛t✐♦♥ ≤sub✳
❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❝②❝❧❡✱ ✇❤✐❝❤ ✐s t❤❡ s②♥t❛❝t✐❝
♣❡♥❞❛♥t ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ✐♥❞✉❝t✐✈❡ ❧♦♦♣ ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳ ■t ✐s ❞❡✜♥❡❞ r❡❧❛t✐✈❡❧② t♦
t❤❡ t✇♦ r❡❧❛t✐♦♥s ⊒ ❛♥❞ δ✳
❉❡✜♥✐t✐♦♥ ✶✵✳ ▲❡t S ❜❡ ❛ s❡t ♦❢ ❝❧❛✉s❡s✱ ❧❡t ⊒ ❜❡ ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡
r❡❧❛t✐♦♥ ❛♥❞ ❧❡t δ ❜❡ ❛♥ ✐♥❢❡r❡♥❝❡ r❡❧❛t✐♦♥ ♦♥ S✳ ❆ ♣❛✐r ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs (i, j)
✭✇✐t❤ j 6= 0✮ ✐s ❛ ❝②❝❧❡ ❢♦r S ✇✳r✳t✳ ⊒ ❛♥❞ δ ✐❢ t❤❡r❡ ❡①✐st Sinit, Sloop ⊆ S s✉❝❤ t❤❛t
Sinit ⊆ S[i], Sloop ⊆ S[i + j]✱ Sinit ⊢δ {n 6≃ k | k ∈ [i, i + j − 1]}✱ Sinit ⊢δ Sloop
❛♥❞ Sloop ⊒ Sinit↓j✳
❊①❛♠♣❧❡ ✷✳ ❈♦♥s✐❞❡r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✶✳ ❆ss✉♠❡ t❤❛t ⊒ ✐s t❤❡ ✐❞❡♥t✐t②
r❡❧❛t✐♦♥✳ ❚❤❡ ♣❛✐r (0, 1) ✐s ❛ ❝②❝❧❡✱ ✇✐t❤ Sinit = {5} ❛♥❞ Sloop = {7}✳ ■♥❞❡❡❞✱
t❤❡ ❝❧❛✉s❡ n 6≃ 0 ✐s ❞❡r✐✈❛❜❧❡ ❢r♦♠ ❈❧❛✉s❡ 5 ❛♥❞ ❝❧❛✉s❡s ♥♦t ❝♦♥t❛✐♥✐♥❣ n✱ t❤✉s
Sinit ⊢δ {n 6≃ 0}✳ ❙✐♠✐❧❛r❧②✱ ❈❧❛✉s❡ 7 ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❈❧❛✉s❡ 5✱ t♦❣❡t❤❡r
✇✐t❤ ❝❧❛✉s❡s ♥♦t ❝♦♥t❛✐♥✐♥❣ n✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ [p(x, y) 6≃ tr✉❡ | n ≃ x] ↓1=
[p(x, y) 6≃ tr✉❡ | n ≃ succ(x)]✱ ❤❡♥❝❡ Sloop ⊒ Sinit↓1 ✭❛ss✉♠✐♥❣ t❤❛t ⊒ ❝♦♥t❛✐♥s
t❤❡ ✐❞❡♥t✐t② r❡❧❛t✐♦♥✮✳ ❙✐♠✐❧❛r❧②✱ (0, 2) ❛♥❞ (1, 2) ❛r❡ ❛❧s♦ ❝②❝❧❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ s❡ts {5}✱ {9} ❛♥❞ {7}✱ {9} r❡s♣❡❝t✐✈❡❧②✳
❚❤❡♦r❡♠ ✷✳ ❆❧❧ ❝②❝❧❡s ❛r❡ ✐♥❞✉❝t✐✈❡ ❧♦♦♣s✳
Pr♦♦❢✳ ▲❡t (i, j) ❜❡ ❛ ❝②❝❧❡ ❢♦r S✱ ✇✳r✳t✳ t✇♦ r❡❧❛t✐♦♥s ⊒ ❛♥❞ δ✳ ▲❡t Sinit ❛♥❞
Sloop ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜s❡ts ♦❢ S✳ ▲❡t S
′ = Sinit ∪S[⊤]✳ ❲❡ ❤❛✈❡ Sinit ⊢δ
{n 6≃ k}✱ ❢♦r ❡✈❡r② k ∈ [i, i + j − 1]✱ t❤✉s ❜② Pr♦♣♦s✐t✐♦♥ ✹✱ S′ |= n 6≃ k ✭❢♦r
❡✈❡r② k ∈ [i, i + j − 1]✮✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡ S′ |= Sloop✱ ❤❡♥❝❡ S
′ |= Sinit ↓j
✭s✐♥❝❡ ⊒ ✐s ✐♥❝❧✉❞❡❞ ✐♥ |=✮✳ ❇✉t S′↓j= Sinit↓j ∪S[⊤]↓j= Sinit↓j ∪S[⊤] ✭s✐♥❝❡
t❤❡ n✲❝❧❛✉s❡s ✇❤♦s❡ ❝♦♥str❛✐♥t ✐s tr✉❡ ❛r❡ ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ S↓j ♦♣❡r❛t✐♦♥✮✳
❚❤❡r❡❢♦r❡ S′ |= S′↓j ❛♥❞ (i, j) ✐s ❛♥ ✐♥❞✉❝t✐✈❡ ❧♦♦♣✳
❚❤❡♦r❡♠s ✶ ❛♥❞ ✷ ❡♥t❛✐❧ t❤❡ s♦✉♥❞♥❡ss ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❢❡r❡♥❝❡ r✉❧❡✿
❈②❝❧❡ ❡❧✐♠✐♥❛t✐♦♥ r✉❧❡✿
S
n < i
■❢ (i, j) ✐s ❛ ❝②❝❧❡ ❢♦r S ✇✳r✳t✳ s♦♠❡ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ r❡❧❛t✐♦♥ ⊒✱ ❛♥❞ t❤❡
✐♥❢❡r❡♥❝❡ r❡❧❛t✐♦♥ δ ✐♥❞✉❝❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ✐♥❢❡r❡♥❝❡s ♣❡r❢♦r♠❡❞ ♦♥ S✳
❚❤❡♦r❡♠ ✷ ❣✐✈❡s ❛ s②♥t❛❝t✐❝ ❝r✐t❡r✐♦♥ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ❛ ❝♦✉♣❧❡ ♦❢ ✜①❡❞
♥❛t✉r❛❧ ♥✉♠❜❡rs ❞❡✜♥❡s ❛ ❧♦♦♣✳ ❲❡ ♥♦✇ s❤♦✇ ❤♦✇ t♦ t❡st ❡✣❝✐❡♥t❧② t❤❛t (i, j)
✽
❆❧❣♦r✐t❤♠ ✶ ❈②❝❧❡1(S, i, j)
S0 ← {n 6≃ k, k ∈ [i, i+ j[}
✐❢ S[i] 6⊢δ S0 t❤❡♥
r❡t✉r♥ ❢❛❧s❡
❡♥❞ ✐❢
❈❤♦♦s❡ ❛ ♠✐♥✐♠❛❧ s❡t Sinit ⊆ S[i] s✳t✳ Sinit ⊢δ S0
Sloop ← ∅
✇❤✐❧❡ ∃C ∈ Sinit | Sloop 6⊒ {C↓j} ❞♦
✐❢ ∃D ∈ S[i+ j] | D ⊒ C↓j t❤❡♥
❈❤♦♦s❡ D ∈ S[i+ j] s✉❝❤ t❤❛t D ⊒ C↓j
Sloop ← Sloop ∪ {D}
✐❢ S[i] 6⊢δ D t❤❡♥
r❡t✉r♥ ❢❛❧s❡
❡❧s❡
❈❤♦♦s❡ ❛ s❡t S′ ∈ S[i] s✉❝❤ t❤❛t S′ ⊢δ {D}
Sinit ← Sinit ∪ S
′
❡♥❞ ✐❢
❡❧s❡
r❡t✉r♥ ❢❛❧s❡
❡♥❞ ✐❢
❡♥❞ ✇❤✐❧❡
r❡t✉r♥ tr✉❡
✐s ❛ ❝②❝❧❡✳ ❚✇♦ ❞✐st✐♥❝t ❛❧❣♦r✐t❤♠s ❛r❡ ♣r❡s❡♥t❡❞✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❈②❝❧❡1 ✐s
t❤❡ ♠♦st str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ✉s❡s ❛ s♠❛❧❧❡st ✜①♣♦✐♥t ❛❧❣♦r✐t❤♠✿ ✐t st❛rts ❜②
❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠✐♥✐♠❛❧ ♣♦ss✐❜❧❡ s❡t Sinit✱ ♥❛♠❡❧② t❤❡ s❡t ♦❢ n✲❝❧❛✉s❡s ✐♥ S[i]
t❤❛t ❛r❡ ♥❡❝❡ss❛r② t♦ ❞❡r✐✈❡ ❛❧❧ t❤❡ ❝❧❛✉s❡s n 6≃ k ❢♦r k ∈ [i, i + j[✳ ❆❝❝♦r❞✐♥❣
t♦ ❉❡✜♥✐t✐♦♥ ✶✵✱ t❤❡ ❝♦♥❞✐t✐♦♥ Sloop ⊒ Sinit↓j ♠✉st ❤♦❧❞✳ ❚❤✉s✱ ❢♦r ❡❛❝❤ ❝❧❛✉s❡
C ✐♥ Sinit✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝❤❡❝❦s ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ❛ n✲❝❧❛✉s❡ D ✐♥ S[i + j]
s✉❝❤ t❤❛t D ⊒ C ↓j ✳ ■❢ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ t❤❡♥ (i, j) ❝❛♥♥♦t ❜❡ ❛ ❝②❝❧❡ ❛♥❞
t❤❡ ❛❧❣♦r✐t❤♠ st♦♣s✳ ❖t❤❡r✇✐s❡✱ ❛❧❧ t❤❡ ❛♥❝❡st♦rs ♦❢ D ♦❝❝✉rr✐♥❣ ✐♥ S[i] ♠✉st ❜❡
❛❞❞❡❞ t♦ Sinit✱ s♦ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ Sinit ⊢δ Sloop ✭✐♥ ❉❡✜♥✐t✐♦♥ ✶✵✮ ❤♦❧❞s✳ ❚❤❡
❛❧❣♦r✐t❤♠ r✉♥s ✉♥t✐❧ ❛ ✜①♣♦✐♥t ✐s r❡❛❝❤❡❞✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❛ ♣❛✐r ♦❢ s❡ts ♦❢ n✲❝❧❛✉s❡s
(Sinit, Sloop) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✶✵ ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞✳ ❚❤❡
❞r❛✇❜❛❝❦ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s t❤❛t ✐t ✐s ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝✳ ■♥❞❡❡❞✱ ❢♦r ❛ ❣✐✈❡♥
n✲❝❧❛✉s❡ C✱ t❤❡r❡ ♠❛② ❡①✐st s❡✈❡r❛❧ n✲❝❧❛✉s❡s D s❛t✐s❢②✐♥❣ t❤❡ ❞❡s✐r❡❞ ❝♦♥❞✐t✐♦♥
✭✉♥❧❡ss ⊒ ✐s t❤❡ ✐❞❡♥t✐t② r❡❧❛t✐♦♥✮✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❛♥❝❡st♦rs ♦❢ D ✐♥ S[i] ❛r❡ ♥♦t
✉♥✐q✉❡ ❛♥❞ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✳ ❚♦ ❡♥s✉r❡ ❝♦♠♣❧❡t❡♥❡ss ❛❧❧ t❤❡s❡ ❜r❛♥❝❤❡s
♠✉st ❜❡ ❡①♣❧♦r❡❞✱ ②✐❡❧❞✐♥❣ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♥✉♠❜❡r ♦❢ ✐♠♠❡❞✐❛t❡ ❡♥t❛✐❧♠❡♥t t❡sts
✭❛❧t❤♦✉❣❤ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥ st❡♣s ✐s ♣♦❧②♥♦♠✐❛❧ ✇✳r✳t✳ t❤❡ s✐③❡ ♦❢ S✮✳
❚❤❡ ❛❧❣♦r✐t❤♠ ❈②❝❧❡2 ✐s s❧✐❣❤t❧② ♠♦r❡ ❝♦♠♣❧❡①✱ ❛♥❞ ✐s ❜❛s❡❞ ♦♥ ❛ ❣r❡❛t❡st
✜①♣♦✐♥t ❛❧❣♦r✐t❤♠✳ ❚❤❡ ✐❞❡❛ ✐s t♦ st❛rt ❜② ❛❞❞✐♥❣ t♦ Sinit ❛❧❧ t❤❡ n✲❝❧❛✉s❡s ✐♥
S[i]✳ ❚❤❡♥ Sloop ✐s ♦❜t❛✐♥❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛❧❧ t❤❡ n✲❝❧❛✉s❡s ✐♥ S[i+ j] t❤❛t ❛r❡
❣❡♥❡r❛t❡❞ ❢r♦♠ Sinit✳ ■♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ Sloop ⊒ Sinit ↓j ♦❢
❉❡✜♥✐t✐♦♥ ✶✵ ❤♦❧❞s✱ ✇❡ r❡♠♦✈❡ ❢r♦♠ Sinit t❤❡ n✲❝❧❛✉s❡s C s✉❝❤ t❤❛t t❤❡r❡ ✐s ♥♦
n✲❝❧❛✉s❡ D ✐♥ S[i+j] ✇✐t❤ D ⊒ C↓j ✳ ■❢ t❤❡ r❡♠♦✈❡❞ n✲❝❧❛✉s❡ C ✐s ❛♥ ❛♥❝❡st♦r ♦❢ ❛
✾
❆❧❣♦r✐t❤♠ ✷ ❈②❝❧❡2(S, i, j)
S0 ← {n 6≃ k, k ∈ [i, i+ j[}
Sinit ← S[i]
✐❢ Sinit 6⊢δ S0 t❤❡♥
r❡t✉r♥ ❢❛❧s❡
❡♥❞ ✐❢
Sloop ← {D ∈ S[i+ j] | Sinit ⊢δ {D}}
✇❤✐❧❡ ∃C ∈ Sinit | Sloop 6⊒ {C↓j} ❞♦
Sinit ← Sinit \ {C}
✐❢ Sinit 6⊢δ S0 t❤❡♥
r❡t✉r♥ ❢❛❧s❡
❡♥❞ ✐❢
❘❡♠♦✈❡ ❢r♦♠ Sloop ❛❧❧ t❤❡ n✲❝❧❛✉s❡s D s✳t✳ Sinit 6⊢δ {D}
❡♥❞ ✇❤✐❧❡
r❡t✉r♥ tr✉❡
❝❧❛✉s❡ n 6≃ k ❢♦r s♦♠❡ i ∈ [i, i+j[ t❤❡♥ ♥♦ ❝②❝❧❡ ♣♦ss✐❜❧② ❡①✐sts✱ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠
st♦♣s✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❞❡❧❡t✐♦♥ ♦❢ C ❢r♦♠ Sinit ②✐❡❧❞s t❤❡ r❡♠♦✈❛❧ ♦❢ t❤❡ n✲❝❧❛✉s❡s
✐♥ Sloop t❤❛t ❛r❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤✐s ❝❧❛✉s❡ ✭s♦ t❤❛t t❤❡ ✐♥✈❛r✐❛♥t Sinit ⊢δ Sloop
❤♦❧❞s✮✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ t❤✉s ✐♥✈♦❧✈❡s ❛ ♣♦❧②♥♦♠✐❛❧ ♥✉♠❜❡r
♦❢ ✐♠♠❡❞✐❛t❡ ❡♥t❛✐❧♠❡♥t t❡sts ✭s✐♥❝❡ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s
✐s ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞ ❜② t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ s❡t S✮✳ ■ts ❛❝t✉❛❧ ❝♦♠♣❧❡①✐t②
❞❡♣❡♥❞s ♦❢ ❝♦✉rs❡ ♦♥ t❤❡ r❡❧❛t✐♦♥ ⊒✿ ✐t ✐s ♣♦❧②♥♦♠✐❛❧ ✐❢ ⊒ ❝❛♥ ❜❡ t❡st❡❞ ✐♥
♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✭❢♦r ✐♥st❛♥❝❡ ✐❢⊒ ✐s t❤❡ ✐❞❡♥t✐t② ♦r ✐♥❝❧✉s✐♦♥ r❡❧❛t✐♦♥s✮✳ ■❢⊒ ✐s t❤❡
s✉❜s✉♠♣t✐♦♥ r❡❧❛t✐♦♥ t❤❡♥ ✐t ✐s ❡①♣♦♥❡♥t✐❛❧✳ ❚❤❡ ♠❛✐♥ ❞r❛✇❜❛❝❦ ♦❢❈②❝❧❡2 ✇✳r✳t✳
t❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠ ❈②❝❧❡1 ✐s t❤❛t t❤❡ ❤❛♥❞❧❡❞ ❝❧❛✉s❡ s❡ts ❛r❡ ✉s✉❛❧❧② ❧❛r❣❡r
s✐♥❝❡ t❤❡ ✇❤♦❧❡ s❡t ♦❢ n✲❝❧❛✉s❡s ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞ r✐❣❤t ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣✳
❚❤✉s t❤❡ ✜rst ❛❧❣♦r✐t❤♠ ♠❛② ❜❡ ♠♦r❡ ❛❞❛♣t❡❞ t♦ ❤✉❣❡ ❝❧❛✉s❡ s❡ts✱ ♦r ✐❢ t❤❡
✐♠♠❡❞✐❛t❡ ❡♥t❛✐❧♠❡♥t r❡❧❛t✐♦♥ ✐s t❤❡ ✐❞❡♥t✐t②✳
❚❤❡♦r❡♠ ✸✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❈②❝❧❡1 ❛♥❞ ❈②❝❧❡2 ❛r❡ t❡r♠✐♥❛t✐♥❣✱ s♦✉♥❞ ❛♥❞
❝♦♠♣❧❡t❡✱ ✐✳❡✳✱ ❈②❝❧❡1(S, i, j) = tr✉❡ ✐✛ ❈②❝❧❡2(S, i, j) = tr✉❡ ✐✛ (i, j) ✐s
❝②❝❧❡ ❢♦r S ✭✇✳r✳t✳ t❤❡ r❡❧❛t✐♦♥s ⊒ ❛♥❞ δ✮
Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ t✇♦ ❛❧❣♦r✐t❤♠s s❡♣❛r❛t❡❧②✳
❆❧❣♦r✐t❤♠ ❈②❝❧❡1✿
❚❡r♠✐♥❛t✐♦♥ ✐s ✐♠♠❡❞✐❛t❡ s✐♥❝❡ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ st❡♣✱ t❤❡ s✐③❡ ♦❢ Sinit ✐♥✲
❝r❡❛s❡s str✐❝t❧② ✭❛♥❞ ✐t ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ s✐③❡ ♦❢ t❤❡ ✇❤♦❧❡ s❡t ♦❢ n✲❝❧❛✉s❡s✮✳ ■❢
S[i] 6|= {n 6≃ k, k ∈ [i, i + j[} t❤❡♥ ❜② ❉❡✜♥✐t✐♦♥ ✶✵✱ (i, j) ❝❛♥♥♦t ❜❡ ❛ ❝②❝❧❡✳
❖t❤❡r✇✐s❡✱ ❛❝❝♦r❞✐♥❣ ❛❣❛✐♥ t♦ ❉❡✜♥✐t✐♦♥ ✶✵✱ t❤❡ s❡t Sinit ♠✉st ❝♦♥t❛✐♥ ❛ s❡t ♦❢
n✲❝❧❛✉s❡s ❡♥t❛✐❧✐♥❣ {n 6≃ k, k ∈ [i, i + j[} ✭✇✳r✳t✳ ⊢δ✮✳ ❚❤❡ ❡♥❞✲❝♦♥❞✐t✐♦♥ ♦❢ t❤❡
✇❤✐❧❡ ❧♦♦♣ ❡♥s✉r❡s t❤❛t Sloop ⊒ Sinit↓j ✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✐♥✈❛r✐❛♥t Sinit ⊢δ Sloop
♥❡❝❡ss❛r✐❧② ❤♦❧❞s✱ s✐♥❝❡ ❡❛❝❤ t✐♠❡ ❛ ❝❧❛✉s❡ D ✐s ❛❞❞❡❞ ✐♥t♦ Sloop✱ ❛ s❡t S
′ s✉❝❤
t❤❛t S′ ⊢δ {D} ✐s ❛❞❞❡❞ t♦ Sinit✳ ❋✐♥❛❧❧②✱ ❛❧❧ t❤❡ n✲❝❧❛✉s❡s t❤❛t ❛r❡ ❛❞❞❡❞ ✐♥ Sinit
❞✉r✐♥❣ t❤❡ ❧♦♦♣ ❛r❡ ✐♥ S[i]✱ t❤✉s t❤❡ ✐♥✈❛r✐❛♥t Sinit ⊆ S[i] ❤♦❧❞s✳ ❈♦♥s❡q✉❡♥t❧②✱
❛❢t❡r t❤❡ ✇❤✐❧❡ ❧♦♦♣✱ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✶✵ ❤♦❧❞✱ ❛♥❞ t❤✉s (i, j) ♠✉st
✶✵
❜❡ ❛ ❝②❝❧❡✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ (i, j) ✐s ❛ ❝②❝❧❡✱ t❤❡♥ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ❛ r✉♥ ♦❢
❆❧❣♦r✐t❤♠ ❈②❝❧❡1 ❡①✐sts ✐♥ ✇❤✐❝❤ ❢❛❧s❡ ✐s ♥❡✈❡r r❡t✉r♥❡❞✳ ■t s✉✣❝❡s t♦ ❝❤♦♦s❡
t❤❡ ❝❧❛✉s❡s D ❛♥❞ S′ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t D ∈ Sloop ❛♥❞ S
′ ⊆ Sinit ✭✇❤❡r❡ Sloop
❛♥❞ Sinit ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s❡ts ✐♥ ❉❡✜♥✐t✐♦♥ ✶✵✮✳ ❚❤✐s ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡✱ s✐♥❝❡
❜② ❞❡✜♥✐t✐♦♥ ✇❡ ♠✉st ❤❛✈❡ Sinit ⊢δ Sloop ❛♥❞ Sloop ⊒ Sinit↓j ✱ ✇✐t❤ Sinit ⊆ S[i]
❛♥❞ Sloop ⊆ S[i+ j]✳
❆❧❣♦r✐t❤♠ ❈②❝❧❡2✿
❚❡r♠✐♥❛t✐♦♥ ✐s ✐♠♠❡❞✐❛t❡ s✐♥❝❡ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ st❡♣✱ t❤❡ s✐③❡ ♦❢ Sinit ❞❡✲
❝r❡❛s❡s str✐❝t❧②✳ ❆❣❛✐♥✱ ✐❢ S[i] 6|= {n 6≃ k, k ∈ [i, i+j[} t❤❡♥ ❜② ❉❡✜♥✐t✐♦♥ ✶✵✱ (i, j)
❝❛♥♥♦t ❜❡ ❛ ❝②❝❧❡✳ ❖t❤❡r✇✐s❡✱ ✇❡ ♠✉st ❤❛✈❡ Sinit ⊆ S[i] ❛♥❞ Sloop ⊆ S[i + j]✳
❆s ❢♦r t❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠✱ t❤❡ ❡♥❞✲❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ✇❤✐❧❡ ❧♦♦♣ ❡♥s✉r❡s t❤❛t
Sloop ⊒ Sinit↓j ✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✐♥✈❛r✐❛♥t Sinit ⊢δ Sloop st✐❧❧ ❤♦❧❞s✱ ❜② ❞❡✜♥✐✲
t✐♦♥ ♦❢ t❤❡ ❧❛st ✐♥str✉❝t✐♦♥ ✐♥ t❤❡ ✇❤✐❧❡✲❧♦♦♣✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛❢t❡r t❤❡ ✇❤✐❧❡ ❧♦♦♣✱
❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✶✵ ❤♦❧❞✱ ❛♥❞ t❤✉s (i, j) ♠✉st ❜❡ ❝②❝❧❡✳
❈♦♥✈❡rs❡❧②✱ ✐❢ (i, j) ✐s ❛ ❝②❝❧❡✱ t❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ r❡t✉r♥s tr✉❡✳ ■♥❞❡❡❞✱ t❤❡
s❡ts S′init ❛♥❞ S
′
loop ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✶✵ ♥❡❝❡ss❛r✐❧② ♦❝❝✉r ❛t ❡❛❝❤
✐t❡r❛t✐♦♥ st❡♣ ✐♥ t❤❡ ❛❝t✉❛❧ s❡ts Sinit ❛♥❞ Sloop ❝♦♠♣✉t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳
❇② ❞❡✜♥✐t✐♦♥✱ ♥♦ n✲❝❧❛✉s❡ C ∈ S′init ❝❛♥ ❜❡ r❡♠♦✈❡❞ ❢r♦♠ Sinit✱ s✐♥❝❡ ✇❡ ❤❛✈❡
Sloop ⊒ {C ↓j}✳ ❙✐♠✐❧❛r❧②✱ ♥♦ ❝❧❛✉s❡ D ∈ S
′
loop ❝❛♥ ❜❡ ❞❡❧❡t❡❞ ❢r♦♠ Sloop s✐♥❝❡
✇❡ ♠✉st ❤❛✈❡ Sinit ⊢δ {D}✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥❞✐t✐♦♥ Sinit 6⊢δ S0 ❝❛♥ ♥❡✈❡r ❤♦❧❞
✭s✐♥❝❡ S′init ⊢δ S0✮✳
❊①❛♠♣❧❡ ✸✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✉s❡ s❡t✿
1 p(x) 6≃ tr✉❡ ∨ p(succ(x)) ≃ tr✉❡
2 q(x) ≃ tr✉❡ ∨ p(succ(x)) ≃ tr✉❡
3 f(succ(x)) ≃ f(x)
4 p(0) ≃ tr✉❡
5 [p(x) 6≃ tr✉❡ | n ≃ x]
6 [f(x) ≃ a | n ≃ x]
7 [g(x) ≃ a | n ≃ x]
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✉s❡s ❛r❡ ❞❡r✐✈❡❞✿
8 [2 | n ≃ 0] ✭s✉♣❡r♣♦s✐t✐♦♥✱ ✹✱ ✺✮
9 [p(x) 6≃ tr✉❡ | n ≃ succ(x)] ✭s✉♣❡r♣♦s✐t✐♦♥✱ ✶✱✺✮
10 [f(x) ≃ a | n ≃ succ(x)] ✭s✉♣❡r♣♦s✐t✐♦♥✱ ✸✱✻✮
11 [q(x) ≃ tr✉❡ | n ≃ succ(x)] ✭s✉♣❡r♣♦s✐t✐♦♥✱ ✷✱✺✮
❲❡ ✐❧❧✉str❛t❡ ❤♦✇ t❤❡ t✇♦ ❛❧❣♦r✐t❤♠s r✉♥ ♦♥ t❤✐s ❡①❛♠♣❧❡✳ ◆♦t❡ t❤❛t ❈❧❛✉s❡s
1, 4, 5 ❛r❡ s✉✣❝✐❡♥t ❢♦r ✉♥s❛t✐s✜❛❜✐❧✐t② ✭❈❧❛✉s❡ 5 ❛ss❡rts t❤❛t ¬p(n) ❤♦❧❞s ❢♦r
s♦♠❡ ♥❛t✉r❛❧ ♥✉♠❜❡r n✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ ❈❧❛✉s❡s 1 ❛♥❞ 4 ❡♥t❛✐❧ t❤❛t
p(succk(0)) ❤♦❧❞s ❢♦r ❡✈❡r② k ∈ N✮✱ t❤❡ ♦t❤❡r ❝❧❛✉s❡s ❛r❡ ❛❞❞❡❞ ♦♥❧② t♦ ✐❧❧✉str❛t❡
❤♦✇ t❤❡ ❛❧❣♦r✐t❤♠s ✇♦r❦ ❛♥❞ t♦ ❡♠♣❤❛s✐③❡ t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡♠✳ ❲❡
t❛❦❡ i = 0✱ j = 1 ❛♥❞ ✇❡ ✉s❡ t❤❡ ✐❞❡♥t✐t② ❛s t❤❡ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ r❡❧❛t✐♦♥
⊒✳ ❲❡ ❤❛✈❡ S0 = {8}✱ S[i] = {5, 6, 7}✱ S[i+ j] = {9, 10, 11}✱ S[⊥] = {1, 2, 3, 4}✳
❆❧❣♦r✐t❤♠ ❈②❝❧❡1✿ ❚❤❡ ❛❧❣♦r✐t❤♠ ✜rst ❝❤♦♦s❡s ❛ s❡t ♦❢ ❝❧❛✉s❡s Sinit ⊆ S[i]
s✉❝❤ t❤❛t Sinit ⊢δ S0✳ ❚❤❡ ♣❛r❡♥ts ♦❢ ❈❧❛✉s❡ 8 ❛r❡ 4 ∈ S[⊥] ❛♥❞ 5 ∈ S[i]✱ t❤✉s
✶✶
❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✽ ✇❡ ❤❛✈❡ {5} ⊢δ {8}✳ ❚❤❡r❡❢♦r❡✱ Sinit ✐s s❡t t♦ {5}✳ ❚❤❡♥
Sloop ✐s ✐♥✐t✐❛❧✐③❡❞ t♦ ∅✳ ❈❧❛✉s❡ 5 ♦❝❝✉rs ✐♥ Sinit ❛♥❞ ✇❡ ❤❛✈❡ 5↓1 6∈ Sloop ✭s✐♥❝❡
Sloop = ∅✮✳ ❚❤✉s t❤❡ ❛❧❣♦r✐t❤♠ ❝❤♦♦s❡s ❛ ❝❧❛✉s❡ D ∈ S[i+ j] s✉❝❤ t❤❛t D ⊒ 5↓1✳
❈❧❛✉s❡ 5 ✐s [p(x) 6≃ tr✉❡ | n ≃ x]✱ t❤✉s 5↓1 ✐s [p(x) 6≃ tr✉❡ | n ≃ succ(x)]✱ ❤❡♥❝❡
5↓1= 9✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ✐s D = 9✳ ❚❤✐s ❝❧❛✉s❡ ✐s ❛❞❞❡❞ t♦ Sloop✳ ❚❤❡
❛❧❣♦r✐t❤♠ ❝❤❡❝❦s t❤❛t S[i] ⊢δ D ❛♥❞ ❛❞❞s t♦ Sinit ❛ ♠✐♥✐♠❛❧ s❡t ♦❢ ❝❧❛✉s❡s S
′
s✉❝❤ t❤❛t S′ ⊢δ {D}✳ ❈❧❛✉s❡ 9 ✐s ❞❡❞✉❝❡❞ ❢r♦♠ ❈❧❛✉s❡ 1✱ ✇❤✐❝❤ ♦❝❝✉rs ✐♥ S[⊥]✱
❛♥❞ ❈❧❛✉s❡ 5✱ ✇❤✐❝❤ ♦❝❝✉rs ✐♥ S[i]✱ t❤✉s t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ✐s S′ = {5}✳ ❚❤❡r❡❢♦r❡
Sinit ✐s ♥♦t ❛✛❡❝t❡❞ ✭s✐♥❝❡ ✐t ❛❧r❡❛❞② ❝♦♥t❛✐♥s 5✮✳ ❚❤❡ ✇❤✐❧❡✲❧♦♦♣ ❡♥❞s ❜❡❝❛✉s❡
t❤❡ ♦♥❧② ❝❧❛✉s❡ ✐♥ Sinit↓1 ♦❝❝✉rs ✐♥ Sloop✳ ❚❤❡ ♣❛✐r (0, 1) ✐s ❛ ❝②❝❧❡✱ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ s❡ts Sinit = {5} ❛♥❞ Sloop = {9}✳
❆❧❣♦r✐t❤♠ ❈②❝❧❡2✿ Sinit ✐s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ S[i]✱ ✐✳❡✳ {5, 6, 7}✳ ❚❤❡♥ t❤❡
❛❧❣♦r✐t❤♠ ❝❤❡❝❦s t❤❛t Sinit ⊢δ S0✱ ❛♥❞ ✐♥✐t✐❛❧✐③❡s Sloop ✇✐t❤ t❤❡ s❡t ♦❢ ❝❧❛✉s❡s D ∈
S[i+ j] s✉❝❤ t❤❛t Sinit ⊢δ D✳ ❆❧❧ t❤❡ ❝❧❛✉s❡s ✐♥ S[i+ j] ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❝❧❛✉s❡s
✐♥ Sinit ❛♥❞ S[⊥]✱ t❤✉s ✇❡ ❤❛✈❡ Sloop = {9, 10, 11}✳ ❚❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ❝❤❡❝❦s
✇❤❡t❤❡r Sinit ❝♦♥t❛✐♥s ❛ ❝❧❛✉s❡ C s✉❝❤ t❤❛t C↓j 6∈ Sloop✳ ❚❤❡ ♦♥❧② ❝❧❛✉s❡ s❛t✐s❢②✐♥❣
t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❈❧❛✉s❡ 7✳ ❚❤✉s t❤✐s ❝❧❛✉s❡ ✐s r❡♠♦✈❡❞ ❢r♦♠ Sinit✱ ②✐❡❧❞✐♥❣ {5, 6}
❛♥❞ t❤❡ ❝❧❛✉s❡s D s✉❝❤ t❤❛t {5, 6} 6⊢δ D ❛r❡ r❡♠♦✈❡❞ ❢r♦♠ Sloop✳ ❍❡r❡ ❛❧❧ t❤❡
❝❧❛✉s❡s ✐♥ Sloop ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ {5, 6} ❛♥❞ ❝❧❛✉s❡s ✐♥ S[⊥] t❤✉s Sloop ✐s
♥♦t ❛✛❡❝t❡❞✳ ❚❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ st♦♣s ❛♥❞ r❡t✉r♥s tr✉❡✳ ❚❤❡ ♦❜t❛✐♥❡❞ s❡ts ❛r❡
Sinit = {5, 6} ❛♥❞ Sloop = {9, 10}✳ ◆♦t❡ t❤❛t✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ t❤❡
s❡ts ❝♦♥t❛✐♥ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝❧❛✉s❡ ✭♥❛♠❡❧② 6/10✮✱ ✇❤✐❝❤ ♦❝❝✉rs ✐♥ t❤❡ ❣❡♥❡r❛t❡❞
✐♥❞✉❝t✐✈❡ ✐♥✈❛r✐❛♥t✱ ❜✉t ❛❝t✉❛❧❧② ♣❧❛②s ♥♦ r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢ ✭t❤❡s❡ ❝❧❛✉s❡s ❝❛♥ ❜❡
✐❞❡♥t✐✜❡❞ ❛♥❞ ❡❧✐♠✐♥❛t❡❞ ❛❢t❡r✇❛r❞s ❜② ❛♣♣❧②✐♥❣ r❡❛❝❤❛❜✐❧✐t② ❛♥❛❧②s✐s ❛❧❣♦r✐t❤♠s
♦♥ t❤❡ ✐♥❢❡r❡♥❝❡ ❣r❛♣❤✮✳
✻ ■♠♣❧❡♠❡♥t❛t✐♦♥
❖✉r ❝❛❧❝✉❧✉s ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❛s ❛ r❡s❡❛r❝❤ ♣r♦t♦t②♣❡✱ ✉s✐♥❣ t❤❡ s②st❡♠
Pr♦✈❡r✾ ❬✶✼❪ ❛s ❛♥ ✐♥❢❡r❡♥❝❡ ❡♥❣✐♥❡✳ ❲❤✐❧❡ ❛♥② ♦t❤❡r s✉♣❡r♣♦s✐t✐♦♥✲❜❛s❡❞ ♣r♦✈❡r
❝♦✉❧❞ ❜❡ ✉s❡❞ ✐♥st❡❛❞✱ t❤❡ s②st❡♠ ✐s ♥♦t ✉s❡❞ ❛s ❛ ♠❡r❡ ✏❜❧❛❝❦ ❜♦①✑✿ t❤❡ ♣r♦✲
❝❡❞✉r❡s ❛♥❞ ❞❛t❛✲str✉❝t✉r❡s ❤❛❞ t♦ ❜❡ ❛❞❛♣t❡❞ ✐♥ ♦r❞❡r t♦ ❤❛♥❞❧❡ t❤❡ s♣❡❝✐✜❝
❢❡❛t✉r❡s ♦❢ t❤❡ ❝❛❧❝✉❧✉s✿ ❛r✐t❤♠❡t✐❝ ❝♦♥str❛✐♥ts✱ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❝❧❛✉s❡s✱ ❡t❝✳ ❚❤❡
♣r♦❣r❛♠ ✉s❡s t❤❡ ✉s✉❛❧ ✏❣✐✈❡♥ ❝❧❛✉s❡ ❛❧❣♦r✐t❤♠✑ ♦❢ Pr♦✈❡r✾✱ ❛♥❞ ❝❛❧❧s ❆❧❣♦r✐t❤♠
❈②❝❧❡2 t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ♣❛✐r (i, j) ✐s ❛ ❝②❝❧❡✱ ✉s✐♥❣ t❤❡ s✉❜s✉♠♣t✐♦♥
r❡❧❛t✐♦♥ ❛s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ r❡❧❛t✐♦♥✳ ❚❤❡ t❡st ✐s tr✐❣❣❡r❡❞ ❛t ❡❛❝❤ ✐t✲
❡r❛t✐♦♥ ♦❢ t❤❡ ♠❛✐♥ ❧♦♦♣✱ ❛♥❞ ♦♥❧② ✐❢ ❛❧❧ t❤❡ ❝❧❛✉s❡s n 6≃ k ❢♦r k ∈ [0, i+ j[ ❤❛✈❡
❜❡❡♥ ❣❡♥❡r❛t❡❞ ✭t❤✉s ❛ ❝②❝❧❡ ✐s ❞❡t❡❝t❡❞ ♦♥❧② ✐❢ t❤✐s ❧❡❛❞s t♦ ❛♥ ✐♠♠❡❞✐❛t❡ st♦♣✮✳
❆ r❡❢✉t❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✐❢ t❤❡ s②st❡♠ ❣❡♥❡r❛t❡s ❛ s❡t ♦❢ n✲❝❧❛✉s❡s ♦❢ t❤❡ ❢♦r♠
{2} ♦r {n 6≃ 0, . . . , n 6≃ k − 1, n < k}✱ ✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧② ✉♥s❛t✐s✜❛❜❧❡✳ ❚❤❡ ❧❛st
❝❧❛✉s❡ n < k ✐s ✉s✉❛❧❧② ❞❡r✐✈❡❞ ❜② ❝②❝❧❡ ❞❡t❡❝t✐♦♥ ✭✇✐t❤ k = i+j✮✱ ❜✉t ✐t ❝❛♥ ❛❧s♦
❜❡ ❞❡r✐✈❡❞ ❜② t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s ❛❧♦♥❡✱ ✐♥ s✐♠♣❧❡ ❝❛s❡s ✐♥ ✇❤✐❝❤ t❤❡ t❤❡✲
♦r❡♠ ❝❛♥ ❜❡ ♣r♦✈❡♥ ✇✐t❤♦✉t ✐♥❞✉❝t✐♦♥✳ ■❢ t❤❡ s②st❡♠ ✐s ❢❡❞ ✇✐t❤ ❛♥ ✉♥s❛t✐s✜❛❜❧❡
s❡t ♦❢ st❛♥❞❛r❞ ❝❧❛✉s❡s t❤❡♥ t❤❡ ❡♠♣t② ❝❧❛✉s❡ 2 ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❛s ✉s✉❛❧✳ ❖✉r
♣r♦♦❢ ♣r♦❝❡❞✉r❡ ✐s ♥♦t ❝♦♠♣❧❡t❡ ✐♥ ❣❡♥❡r❛❧ ✭t❤❡ ❧♦❣✐❝ ✐s ♥♦t s❡♠✐✲❞❡❝✐❞❛❜❧❡✮✳ ❲❡
✶✷
✉s❡ ❤❡✉r✐st✐❝s t♦ ♣r❡s❡r✈❡ t❤❡ ♣❛rt✐❛❧ ❝♦♠♣❧❡t❡♥❡ss r❡s✉❧ts ✐♥ ❬✶✻❪✳ ❋♦r ✐♥st❛♥❝❡ ❛
❣r❡❛t❡r ✇❡✐❣❤t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s②♠❜♦❧ succ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❧✐t❡r❛❧s ❝♦♥✲
t❛✐♥✐♥❣ ❛ ♠❛①✐♠❛❧ ❛r✐t❤♠❡t✐❝ ❡①♣r❡ss✐♦♥ ❛r❡ s❡❧❡❝t❡❞ ✇✐t❤ t❤❡ ❤✐❣❤❡st ♣r✐♦r✐t②✱
❛♥❞ s♦♠❡ ✐♥❢❡r❡♥❝❡s ❛r❡ ❜❧♦❝❦❡❞ t♦ ❡♥s✉r❡ t❤❛t S[i] |= S[i+ 1]✳
◆♦✇✱ ❧❡t✬s ♣r♦✈❡ t❤❡ t❤❡♦r❡♠✿
∀n ∈ N ∀a1, . . . , an a1 × a2 × · · · × an = an × an−1 × · · · × a1 (1)
❲❡ s❤♦✇ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥♣✉t ✜❧❡✿
❢♦r♠✉❧❛s✭s♦s✮✳
◆✭①✮ ⑤ ♣✭①✮ ✦❂ q✭①✮✳
♣✭✵✮❂✶✳
q✭✵✮❂✶✳
♣✭s✭①✮✮ ❂ ♣✭①✮✯❛✭①✮✳
q✭s✭①✮✮ ❂ ❛✭①✮✯q✭①✮✳
✯✭①✱✶✮❂①✳
✯✭✶✱①✮❂①✳
①✯②❂ ✉✯✈ ⑤ ①✦❂✉ ⑤ ② ✦❂ ✈✳
①✯② ❂ ②✯①✳
❡♥❞❴♦❢❴❧✐st✳
❖✉r t♦♦❧ ❤❛s ❛❧♠♦st t❤❡ s❛♠❡ ✐♥♣✉t ❢♦r♠❛t t❤❛♥ Pr♦✈❡r✾✱ ✇❡ ❥✉st ❤❛✈❡ t♦
❛❞❞ t❤❡ ❝♦♥str❛✐♥ts t♦ t❤❡ ❝❧❛✉s❡s✱ ❛ ❝♦♥str❛✐♥t ♦❢ t❤❡ ❢♦r♠ n 6≃ t ✭✇❤❡r❡ t ✐s ❛
t❡r♠ ♦❢ s♦rt ♥❛t✮ ✐s ✇r✐tt❡♥ N(t) ❛♥❞ ❛tt❛❝❤❡❞ t♦ t❤❡ ❝❧❛✉s❡ ❛s ❛ ❧✐t❡r❛❧✳ ❚❤❡ ✜rst
❝❧❛✉s❡ ♦❢ t❤❡ ✐♥♣✉t ✜❧❡ ❝♦rr❡s♣♦♥❞s t♦ [p(x) 6≃ q(x) | n ≃ x]✱ ✇❤✐❝❤ ✐s ❛❧s♦ t❤❡
♥❡❣❛t✐♦♥ ♦❢ ✭✶✮✱ ♣✭①✮ ❛♥❞ q✭①✮ ❡♥❝♦❞❡ t❤❡ t❡r♠s a1 × . . .× an ❛♥❞ an × . . .× a1
r❡s♣❡❝t✐✈❡❧②✳ ❲❡ s❤♦✇ t❤❡ ♦✉t♣✉t ✜❧❡ ❣❡♥❡r❛t❡❞ ❜② ♦✉r t♦♦❧✿
❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂ P❘❖❖❋ ❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
✪ Pr♦♦❢ ❛t ✵✳✵✷ s❡❝♦♥❞s✳
✪ ●✐✈❡♥ ❝❧❛✉s❡s ✶✼✳
❙❴✐♥✐t ✿
✭✻✼✿ ◆✭✈✵✮ ⑤ ✲❂✭✵✱✶✮ ⑤ ✲❂✭✶✱✈✵✮ ✳
✷✿ ◆✭✈✵✮ ⑤ ✲❂✭q✭✈✵✮✱♣✭✈✵✮✮✳✮
❙❴❧♦♦♣ ✿
✭✶✵✼✿ ◆✭s✭✈✵✮✮ ⑤ ✲❂✭✵✱✶✮ ⑤ ✲❂✭✶✱✈✵✮ ✳
✽✺✿ ◆✭s✭✈✵✮✮ ⑤ ✲❂✭q✭✈✵✮✱♣✭✈✵✮✮✳✮
❚❤❡ ❡♠♣t② ❝❧❛✉s❡s ✿
✭✶✷✿ ◆✭✵✮✳✮
❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂ ❡♥❞ ♦❢ ♣r♦♦❢ ❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
❚❤❡ ♦✉t♣✉t ✜❧❡ ❝♦♥t❛✐♥s t❤❡ r✉♥♥✐♥❣ t✐♠❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ❣✐✈❡♥ ❝❧❛✉s❡s✱ t❤❡
t✇♦ ❝❧❛✉s❡ s❡ts Sinit✱ Sloop ❛♥❞ ✜♥❛❧❧② t❤❡ ♣✉r❡ ❝♦♥str❛✐♥t ❝❧❛✉s❡ N(0) ✇❤✐❝❤
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❧❛✉s❡ [2 | n ≃ 0]✳ ❆s ✐♥ ❊①❛♠♣❧❡ ✸✱ t❤❡ ♦❜t❛✐♥❡❞ ✐♥❞✉❝t✐✈❡
✐♥✈❛r✐❛♥t ❝♦♥t❛✐♥s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝❧❛✉s❡ t❤❛t ♣❧❛②s ♥♦ r♦❧❡ ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥✳
✶✸
✼ ❊①♣❡r✐♠❡♥t❛t✐♦♥
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈✐❞❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦✉r ✇♦r❦✳ ❆❧❧ t❤❡
♣r❡s❡♥t❡❞ ♣r♦❜❧❡♠s r❡q✉✐r❡ ✐♥❞✉❝t✐♦♥ ❛♥❞ t❤✉s ❛r❡ ♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢ ✜rst✲
♦r❞❡r t❤❡♦r❡♠ ♣r♦✈❡rs✳ ❲❡ ✜rst ♣r❡s❡♥t s♦♠❡ ❡①❛♠♣❧❡s ✐♥ ♣r♦♣♦s✐t✐♦♥❛❧ ❧♦❣✐❝✳
❲❡ ❝♦♥s✐❞❡r ❛♥ n✲❜✐t s❡q✉❡♥t✐❛❧ ❛❞❞❡r ❝✐r❝✉✐t ✐✳❡✳ ❛ ❝✐r❝✉✐t ✇❤✐❝❤ ❝♦♠♣✉t❡s t❤❡
s✉♠ ♦❢ t✇♦ ❜✐t✲✈❡❝t♦rs ♦❢ ❧❡♥❣t❤ n✳ ❙✉❝❤ ❛ ❝✐r❝✉✐t ✐s ❜✉✐❧t ❜② ❝♦♠♣♦s✐♥❣ n 1✲
❜✐t ❛❞❞❡rs✳ ❚❤❡ ith ❜✐ts ♦❢ ❡❛❝❤ ♦♣❡r❛♥❞ ❛r❡ ✇r✐tt❡♥ pi ❛♥❞ qi✳ ri ✐s t❤❡ i
th ❜✐t
♦❢ t❤❡ r❡s✉❧t ❛♥❞ ci+1 ✐s ❝❛rr✐❡❞ ♦✈❡r t♦ t❤❡ ♥❡①t ❜✐t ✭t❤✉s c1 = 0✮✳ ❲❡ s❡t
t❤❡ ♥♦t❛t✐♦♥s ✭⊕ ❞❡♥♦t❡s ❡①❝❧✉s✐✈❡ ♦r✮✿ ❙✉♠i(p, q, c, r)
❞❡❢
= ri ⇔ (pi ⊕ qi) ⊕ ci
❛♥❞ ❈❛rr②i(p, q, c)
❞❡❢
= ci+1 ⇔ (pi ∧ qi) ∨ (ci ∧ pi) ∨ (ci ∧ qi). ❚❤❡♥ t❤❡ ❢♦r✲
♠✉❧❛✿ ❆❞❞❡r(p, q, c, r)
❞❡❢
=
∧n
i=1 ❙✉♠i(p, q, c, r) ∧
∧n
i=1 ❈❛rr②i(p, q, c) ∧ ¬c1 ✇✐t❤
t❤❡ ❝♦♥str❛✐♥t n ≥ 1✱ s❝❤❡♠❛t✐s❡s t❤❡ ❛❞❞❡r ❝✐r❝✉✐t ✭✐t st❛t❡s t❤❛t r ❡♥❝♦❞❡s t❤❡
s✉♠ ♦❢ p ❛♥❞ q✮✳ ■♥ ♦r❞❡r t♦ t❡st t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ s✉❝❤ s❝❤❡♠❛t❛ ♦❢ ♣r♦♣♦s✐✲
t✐♦♥❛❧ ❢♦r♠✉❧æ✱ ✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ ❛♥ ❛❧❣♦r✐t❤♠ tr❛♥s❢♦r♠✐♥❣ ❛✉t♦♠❛t✐❝❛❧❧②
✭✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✮ ❛♥② ♣r♦♣♦s✐t✐♦♥❛❧ s❝❤❡♠❛ ❜✉✐❧t ♦♥ ✐t❡r❛t❡❞ ❝♦♥♥❡❝t✐✈❡s ♦❢
t❤❡ ❢♦r♠
∧n+b
i=a φ ♦r
∨n+b
i=a φ ✭s✉❝❤ ❛s t❤❡ ♦♥❡s ♠♦❞❡❧✐♥❣ t❤❡ ❆❞❞❡r ❝✐r❝✉✐t✮ ✐♥t♦ ❛
s❛t✲❡q✉✐✈❛❧❡♥t s❡t ♦❢ n✲❝❧❛✉s❡s✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✇♦r❦s ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♠♦♥❛❞✐❝
♣r❡❞✐❝❛t❡ ✭♦❢ ❞♦♠❛✐♥ nat✮ ❢♦r ❡✈❡r② ✐t❡r❛t✐♦♥ ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❢♦r♠✉❧❛✱
❛♥❞ ❜② ❛❞❞✐♥❣ ❛①✐♦♠s t♦ s♣❡❝✐❢② t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡s❡ ♣r❡❞✐❝❛t❡s ❜② ✐♥❞✉❝✲
t✐♦♥ ♦♥ t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ s❝❤❡♠❛
∨n
i=0 pi ❝❛♥ ❜❡ ❞❡♥♦t❡❞
❜② t❤❡ ❛t♦♠ [q(x) ≃ tr✉❡ | n ≃ x]✱ ✇✐t❤ t❤❡ ❛①✐♦♠s✿ {q(0) 6≃ tr✉❡ ∨ p(0) ≃
tr✉❡, q(succ(x)) 6≃ tr✉❡ ∨ p(succ(x)) ≃ tr✉❡ ∨ q(x) ≃ tr✉❡} ✭t❤❡ ❢♦r♠❛❧ ❞❡✲
s❝r✐♣t✐♦♥ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ♦♠✐tt❡❞ ❞✉❡ t♦ s♣❛❝❡ r❡str✐❝t✐♦♥s✱ ✐t
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷❪✮✳ ❙❡✈❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❆❞❞❡r ❝❛♥ t❤❡♥ ❜❡ ❛✉t♦♠❛t✐❝❛❧❧②
❝❤❡❝❦❡❞✱ s✉❝❤ ❛s ❝♦♠♠✉t❛t✐✈✐t② ♦r ❛ss♦❝✐❛t✐✈✐t②✳ ❲❡ ❤❛✈❡ ❡♥❝♦❞❡❞ t✇♦ ❞✐✛❡r❡♥t
✈❡rs✐♦♥s ♦❢ t❤❡ ❆❞❞❡r ✭t❤❡ ❝❛rr② ♣r♦♣❛❣❛t❡ ❛♥❞ r✐♣♣❧❡✲❝❛rr② ❛❞❞❡rs r❡s♣❡❝t✐✈❡❧②✮
❛♥❞ ♣r♦✈❡❞ s♦♠❡ ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ❝✐r❝✉✐ts✳
❲❡ ❤❛✈❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ❡①❛♠♣❧❡s ❝♦♠✐♥❣ ❢r♦♠ ❛♥ ✐♥t❡r❡st✐♥❣ ❛♣♣❧✐❝❛✲
t✐♦♥ ♦❢ s❝❤❡♠❛t❛ ❧❛♥❣✉❛❣❡s ✐♥ ♣r♦♦❢ t❤❡♦r②✱ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢
t❤❡ ❆❙❆P ♣r♦❥❡❝t ✭s❡❡ ❤tt♣✿✴✴♠❡♠❜r❡s✲❧✐❣✳✐♠❛❣✳❢r✴♣❡❧t✐❡r✴❆❙❆P✴✮✳ ❚❤❡
♠❡t❤♦❞ ❈❊❘❊❙ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸❪✮ ✐s ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❝✉t✲❡❧✐♠✐♥❛t✐♦♥ ✐♥ ✜rst✲
♦r❞❡r ❧♦❣✐❝ t❤❛t ✐s ♠♦r❡ ❡✣❝✐❡♥t t❤❛t t❤❡ st❛♥❞❛r❞ ✭r❡❞✉❝t✐✈❡✮ ❛♣♣r♦❛❝❤✳ ■t ✇♦r❦s
❜② ❡①tr❛❝t✐♥❣ ❢r♦♠ t❤❡ ❝♦♥s✐❞❡r❡❞ ✭♥♦♥✲❛♥❛❧②t✐❝✮ ♣r♦♦❢ π ❛♥ ✉♥s❛t✐s✜❛❜❧❡ s❡t ♦❢
❝❧❛✉s❡s S(π)✱ ❝❛❧❧❡❞ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s❡t ♦❢ π✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛②
t❤❛t ❛♥② r❡s♦❧✉t✐♦♥ ♣r♦♦❢ ♦❢ S(π) ❝❛♥ ❜❡ ❛✉t♦♠❛t✐❝❛❧❧② tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛♥ ❛♥❛✲
❧②t✐❝ ♣r♦♦❢ ♦❢ S✳ ■t ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ s❝❤❡♠❛t❛ ♦❢ ✜rst✲♦r❞❡r ♣r♦♦❢s ✐♥ ❬✾✱ ✶✾✱
✶✵❪✱ ✐♥ ♦r❞❡r t♦ ❤❛♥❞❧❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢s ✉s✐♥❣ ✐♥❞✉❝t✐♦♥ ✭✇❤✐❝❤ ❝❛♥♥♦t ❜❡
❡①♣r❡ss❡❞ ✐♥ ✜rst✲♦r❞❡r ❧♦❣✐❝ ❛♥❞ ✇❤✐❝❤✱ ❛s ✇❡❧❧✲❦♥♦✇♥✱ ❞♦ ♥♦t ❛❞♠✐t ❝✉t ❡❧✐♠✐✲
♥❛t✐♦♥ ❛❧❣♦r✐t❤♠s✮✳ ❚❤❡ ♦❜t❛✐♥❡❞ ❝❤❛r❛❝t❡r✐st✐❝ s❡t ✐s t❤❡♥ ♥♦t ❛ s❡t ♦❢ ❝❧❛✉s❡s ✐♥
t❤❡ ✉s✉❛❧ s❡♥s❡✱ ❜✉t r❛t❤❡r ❛ s❝❤❡♠❛ ♦❢ ❝❧❛✉s❡ s❡ts✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛
s❡t ♦❢ n✲❝❧❛✉s❡s✱ ❛♥❞ ❤❛♥❞❧❡❞ ✉s✐♥❣ ♦✉r ❝❛❧❝✉❧✉s✳ ❲❡ ♣r♦✈✐❞❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡s
❢♦r t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s❡ts ♦❜t❛✐♥❡❞ ❢r♦♠ s✐♠♣❧❡ ♣r♦♦❢s ✭t❤❡ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ s❝❤❡♠❛t❛ ✐s ♦♠✐tt❡❞ ❢♦r ❝♦♥❝✐s❡♥❡ss✱ t❤❡ ♣✉r❡❧② ♣r♦♣♦s✐t✐♦♥❛❧ ♦♥❡s ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ t❤❡ ❘❡❣❙❚❆❇ ✇❡❜♣❛❣❡ ❛t ❤tt♣✿✴✴r❡❣st❛❜✳❢♦r❣❡✳♦❝❛♠❧❝♦r❡✳♦r❣✴
✶✹
❛♥❞ t❤❡ ✜rst✲♦r❞❡r ♦♥❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✾✱ ✶✵❪✮✳ ❋✐♥❛❧❧② ✇❡ ❝♦♥s✐❞❡r s♦♠❡ s✐♠✲
♣❧❡ ✐♥❞✉❝t✐✈❡ ♣r♦♣❡rt✐❡s✱ ❢♦r ✐♥st❛♥❝❡ ✇❡ ♣r♦✈❡ t❤❛t ✐❢ ✇❡ ♣❡r❢♦r♠ ❛♥ ❛r❜✐tr❛r②
♥✉♠❜❡r ♦❢ ♣❡r♠✉t❛t✐♦♥s ♦♥ ❛ s❡q✉❡♥❝❡ ❝♦♥t❛✐♥✐♥❣ ❛♥ ❡❧❡♠❡♥t a t❤❡♥ t❤❡ ✜♥❛❧
s❡q✉❡♥❝❡ st✐❧❧ ❝♦♥t❛✐♥s a✳
❚❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts ❛r❡ ❞❡♣✐❝t❡❞ ❜❡❧♦✇✳ ❲❡ ♣r♦✈✐❞❡ ❢♦r ❡❛❝❤ ❡①❛♠♣❧❡✱ t❤❡
r✉♥♥✐♥❣ t✐♠❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛❧❧s t♦ ❈②❝❧❡2 ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t❡❞
❝❧❛✉s❡s✳
❊①❛♠♣❧❡ ❚✐♠❡ ✭s✮ ★ ♦❢ ❝❛❧❧s ★ ❣❡♥❡r❛t❡❞
t♦ ❈②❝❧❡2 ❝❧❛✉s❡s
❘✐♣♣❧❡✲❝❛rr② ❛❞❞❡r ✭A+ 0 = A✮ ✵✳✹✽ ✸✸✻ ✸✸✽✸✸
❘✐♣♣❧❡✲❝❛rr② ❛❞❞❡r ✭❝♦♠♠✉t❛t✐✈✐t②✮ ✵✳✵✸ ✶✵✷ ✷✵✵✸
❘✐♣♣❧❡✲❝❛rr② ❛❞❞❡r ✭❛ss♦❝✐❛t✐✈✐t②✮ ✵✳✵✾ ✷✵✼ ✶✵✶✺✹
❘✐♣♣❧❡✲❝❛rr② ❛❞❞❡r ✭3 + 4 = 7✮ ✵✳✵✻ ✼✶ ✾✾✽✾
❯♥✐❝✐t② ♦❢ t❤❡ r❡s✉❧t ✭r✐♣♣❧❡✲❝❛rr②✮ ✵✳✼ ✶✺✵ ✺✵✾✵✶
❈❛rr②✲♣r♦♣❛❣❛t❡ ❛❞❞❡r ✭❝♦♠♠✉t❛t✐✈✐t②✮ ✵✳✵✷ ✶✹ ✶✾✽✵
❈❛rr②✲♣r♦♣❛❣❛t❡ ❛❞❞❡r ✭❛ss♦❝✐❛t✐✈✐t②✮ ✵✳✵✶ ✷✵ ✸✾✼✷
❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ r✐♣♣❧❡✲❝❛rr②
❛♥❞ t❤❡ ❝❛rr②✲♣r♦♣❛❣❛t❡ ❛❞❞❡rs ✵✳✵✸ ✶✹ ✶✾✽✵
❈❊❘❊❙ ❡①✶ ✭Pr♦♣♦s✐t✐♦♥❛❧✮ ✵✳✵✶ ✹✵ ✾✾✺
❈❊❘❊❙ ❡①✷ ✭Pr♦♣♦s✐t✐♦♥❛❧✮ ✵✳✵✸ ✷✶✻ ✹✶✵✻
❈❊❘❊❙ ✭❋✐rst ♦r❞❡r✮ ✵✳✵✶ ✷✸ ✹✾
❚♦t❛❧✐t② ♦❢ < ✭n1 ≥ n2 ∨ n1 < n2✮ ✵✳✵✶ ✹✼ ✶✽✺∧n
i=1 pi > 0⇒ p1 × · · · × pn > 0 ✵✳✵✶ ✽ ✺✾
P❡r♠✉t❛t✐♦♥ ✭tr✐♣❧❡t✮ ✵✳✵✶ ✶✼ ✷✽✵
❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❝②❝❧❡ ❞❡t❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❡✣❝✐❡♥t✱ ❡✈❡♥ ❢♦r s❡ts
❝♦♥t❛✐♥✐♥❣ t❤♦✉s❛♥❞s ♦❢ ❝❧❛✉s❡s✳
✽ ❈♦♥❝❧✉s✐♦♥
❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ♠❡t❤♦❞ t♦ ❡♥r✐❝❤ s✉♣❡r♣♦s✐t✐♦♥✲❜❛s❡❞ t❤❡♦r❡♠ ♣r♦✈✐♥❣ ✇✐t❤
✐♥❞✉❝t✐✈❡ r❡❛s♦♥✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❤❛✈❡ ❞❡✈✐s❡❞ ❛❧❣♦r✐t❤♠s t♦
❞❡t❡❝t ❝②❝❧❡s ✐♥ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❞❡r✐✈❛t✐♦♥ ✐♥ ❛♥ ❛✉t♦♠❛t✐❝ ✇❛②✳ ❚❤❡s❡ ❝②❝❧❡s
❝♦rr❡s♣♦♥❞ t♦ ✐♥❞✉❝t✐✈❡ ✐♥✈❛r✐❛♥ts ❛♥❞ ❛❧❧♦✇ ♦♥❡ t♦ ♣r✉♥❡ ✐♥✜♥✐t❡ s✉♣❡r♣♦s✐t✐♦♥
❞❡r✐✈❛t✐♦♥s✳ ❖✉r ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❛♣♣❧✐❝❛✲
t✐♦♥ ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞✳ ❋✉t✉r❡ ✇♦r❦ ✐♥❝❧✉❞❡s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥✱ ❢♦r ✐♥st❛♥❝❡ ❜② ❞❡✈✐s✐♥❣ r❡✜♥❡❞ ❝r✐t❡r✐❛ ❢♦r tr✐❣❣❡r✐♥❣ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
t❤❡ ❝②❝❧❡ ❞❡t❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ♦r ❜② ✐♥tr♦❞✉❝✐♥❣ ♥❡✇ t❡❝❤♥✐q✉❡s ❢♦r ♣❡r❢♦r♠✐♥❣
t❤✐s ❞❡t❡❝t✐♦♥ ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✇❛②✳
❘❡❢❡r❡♥❝❡s
✶✳ ❊✳ ❆❧t❤❛✉s✱ ❊✳ ❑r✉❣❧♦✈✱ ❛♥❞ ❈✳ ❲❡✐❞❡♥❜❛❝❤✳ ❙✉♣❡r♣♦s✐t✐♦♥ ♠♦❞✉❧♦ ❧✐♥❡❛r ❛r✐t❤✲
♠❡t✐❝ s✉♣✭❧❛✮✳ ■♥ ❙✳ ●❤✐❧❛r❞✐ ❛♥❞ ❘✳ ❙❡❜❛st✐❛♥✐✱ ❡❞✐t♦rs✱ ❋r♦❈♦❙ ✷✵✵✾✱ ✈♦❧✉♠❡ ✺✼✹✾
♦❢ ▲◆❈❙✱ ♣❛❣❡s ✽✹✕✾✾✳ ❙♣r✐♥❣❡r✱ ✷✵✵✾✳
✶✺
✷✳ ❱✳ ❆r❛✈❛♥t✐♥♦s✱ ▼✳ ❊❝❤❡♥✐♠✱ ❛♥❞ ◆✳ P❡❧t✐❡r✳ ❆ r❡s♦❧✉t✐♦♥ ❝❛❧❝✉❧✉s ❢♦r ✜rst✲♦r❞❡r
s❝❤❡♠❛t❛✳ ❋✉♥❞❛♠❡♥t❛ ■♥❢♦r♠❛t✐❝❛❡✱ ✷✵✶✸✳ ❆❝❝❡♣t❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥✱ t♦ ❛♣♣❡❛r✳
✸✳ ▼✳ ❇❛❛③ ❛♥❞ ❆✳ ▲❡✐ts❝❤✳ ❚♦✇❛r❞s ❛ ❝❧❛✉s❛❧ ❛♥❛❧②s✐s ♦❢ ❝✉t✲❡❧✐♠✐♥❛t✐♦♥✳ ❏✳ ❙②♠❜✳
❈♦♠♣✉t✳✱ ✹✶✭✸✲✹✮✿✸✽✶✕✹✶✵✱ ✷✵✵✻✳
✹✳ ▲✳ ❇❛❝❤♠❛✐r✱ ❍✳ ●❛♥③✐♥❣❡r✱ ❛♥❞ ❯✳ ❲❛❧❞♠❛♥♥✳ ❘❡❢✉t❛t✐♦♥❛❧ t❤❡♦r❡♠ ♣r♦✈✐♥❣ ❢♦r
❤✐❡r❛❝❤✐❝ ✜rst✲♦r❞❡r t❤❡♦r✐❡s✳ ❆♣♣❧✳ ❆❧❣❡❜r❛ ❊♥❣✳ ❈♦♠♠✉♥✳ ❈♦♠♣✉t✳✱ ✺✿✶✾✸✕✷✶✷✱
✶✾✾✹✳
✺✳ ●✳ ❇❛rt❤❡ ❛♥❞ ❙✳ ❙tr❛t✉❧❛t✳ ❱❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ❥❛✈❛❝❛r❞ ♣❧❛t❢♦r♠ ✇✐t❤ ✐♠♣❧✐❝✐t
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